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Abstract

The symplectic induction procedure is extended to the case of weak symplectic Banach manifolds. Using this procedure,
one constructs hierarchies of integrable Hamiltonian systems related to the Banach Lie–Poisson spaces of k-diagonal trace class
operators.
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1. Introduction

The theory of symplectic and Poisson Banach manifolds provides a solid mathematical foundation for the
investigation of infinite dimensional Hamiltonian systems that appear in various domains of mathematics and physics.
For finite dimensional Hamiltonian systems one uses mainly differential geometric methods. In order to study infinite
dimensional systems it is necessary to appeal to functional analytic methods, which renders their study more difficult.
For example, the theory of Banach Lie–Poisson spaces, which extends Hamiltonian mechanics on duals of Lie algebras
to the Banach space context, is intimately related to the theory of W ∗-algebras (see [7]).

On weak symplectic manifolds not all smooth functions admit a Hamiltonian vector field since the map from
the tangent space to the cotangent space of the manifold induced by the weak symplectic form is only injective.
We introduce in Section 2 the Poisson subalgebra of smooth functions that admit Hamiltonian vector fields and
use it to define momentum maps of Lie algebra actions on weak symplectic manifolds. It turns out that the crucial
finite dimensional property of equivariant momentum maps being Poisson holds here too when making the following
modifications: the space of functions on the weak symplectic manifold consists only of those that admit Hamiltonian
vector fields and the dual of the Lie algebra of symmetries is replaced by the Banach Lie–Poisson space given by the
predual of this Lie algebra.

The theory of symplectic induction on weak symplectic manifolds is presented in Section 3. Explicit formulas for
the induced weak symplectic form and the momentum map (in the sense described above) are given.
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The rest of the paper is devoted to the study of an example. In Section 4 several families of trace class operators on
a real separable Hilbert space are introduced. A prominent role is played by the k-diagonal trace class operators, the
corresponding Banach Lie algebra (obtained as the dual of this space), and the underlying Banach Lie groups. Many
explicit formulas are presented and several results from [8] needed for the next section are recalled here.

In Section 5 the symplectic induction procedure is applied to the concrete example of the weak symplectic manifold
(`∞ × `1, ω), the Banach Lie group of k-diagonal operators, and the Banach Lie subgroup of the k-bidiagonal
operators, both introduced and studied in detail in Section 4. The end result of the induction procedure is the weak
symplectic Banach manifold

(
(`∞)k−1

× (`1)k−1,Ωk
)
, where the weak symplectic form Ωk turns out not to be the

canonical one. The associated momentum map given by induction is also presented. It turns out that the momentum
map obtained by the induction method is a generalization of the classical Flaschka map appearing in the theory of the
Toda lattice (see [4]). Indeed, if k = 2 the symplectic induced space coincides with (`∞ × `1, ω) and the associated
momentum map is identical to the Flaschka map for the semi-infinite Toda lattice. However, the general case presented
here constructs other hierarchies of integrals in involution for other systems generalizing the Toda lattice. All formulas
are worked out in detail for the case k = 3.
Conventions. In this paper all Banach manifolds and Lie groups are real. The definition of the notion of a Banach Lie
subgroup follows Bourbaki [2], that is, a subgroup H of a Banach Lie group G is necessarily a submanifold (and not
just injectively immersed). In particular, Banach Lie subgroups are necessarily closed.

2. Momentum map on a weak symplectic manifold

The goal of this section is to present some notions which are indispensable for the procedure of symplectic
induction on weak symplectic manifolds. In the process we shall define the concepts of weak symplectic manifold,
the associated Poisson algebra, Banach Lie–Poisson space, and the momentum map. We shall also establish some of
their elementary properties and give examples relevant to the subsequent developments in this paper.

Weak symplectic manifolds. In infinite dimensions there are two possible generalizations of the notion of a symplectic
manifold.

Definition 2.1. Let P be a Banach manifold and ω a two-form. Then ω is said to be weakly nondegenerate if for every
p ∈ P the map vp ∈ Tp P 7→ ω(p)(vp, ·) ∈ T ∗

p P is injective. If, in addition, this map is also surjective, then the form
ω is called strongly nondegenerate. The form ω is called a weak or strong symplectic form if, in addition, dω = 0,
where d denotes the exterior differential on forms. The pair (P, ω) is called a weak or strong symplectic manifold,
respectively.

If P is finite dimensional this distinction does not occur since every linear injective map of a vector space into itself
is also surjective. The typical example of an infinite dimensional strongly symplectic Banach manifold is a complex
Hilbert space endowed with the symplectic form equal to the imaginary part of the Hermitian inner product. Any
strong symplectic form is locally constant, but weak symplectic forms are not in general (see e.g. Section 3.2 in [1]).
The usual Hamiltonian formalism extends from the finite dimensional setting to the strong symplectic case without
any difficulties.

The first problem that arises when working on a weak symplectic Banach manifold (P, ω) is that one cannot define
the associated Poisson bracket { f, g}ω for arbitrary f, g ∈ C∞(P). The reason is that the linear continuous map
Tp P 3 vp 7→ [p(vp) := ω(p)(vp, ·) ∈ T ∗

p P is only injective. Then, in order to define the Hamiltonian vector field
X f by the usual formula

iX f ω = d f (2.1)

one needs the condition that d f (p) ∈ [p(Tp P) for all p ∈ P . Let us denote by C∞
ω (P) ⊂ C∞(P) the vector space of

smooth functions which satisfy the above condition. If f, g ∈ C∞
ω (P), the Hamiltonian vector fields X f and Xg exist

and one defines the Poisson bracket, as usual, by

{ f, h}ω := ω(X f , Xh) = 〈d f, Xh〉 = £Xh f. (2.2)

Since X f g = f Xg + gX f whenever f, g ∈ C∞
ω (P) it follows that C∞

ω (P) is an algebra relative to the pointwise
multiplication of functions and that the Leibniz identity holds.
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Using the identities

i[X f ,Xg]ω =
(
£X f ◦ iXg − iXg ◦ £X f

)
ω

and £X f ω = diX f ω = d2 f = 0 for any f, g ∈ C∞
ω (P), one obtains

i[X f ,Xg]ω = dX f [g] = dω(Xg, X f ) (2.3)

which shows that C∞
ω (P) is closed with respect to the Poisson bracket { , }ω. In addition (2.2) and (2.3) show that

[X f , Xg] = −X{ f,g}ω (2.4)

which is equivalent to the Jacobi identity in C∞
ω (P). Summarizing, we have proved the following.

Proposition 2.2. The algebra C∞
ω (P) is a Poisson algebra, that is, it is an algebra relative to multiplication of

functions, it is a Lie algebra relative to the Poisson bracket { , }ω, and the Leibniz identity holds.

So, as opposed to the strong symplectic case, the Poisson algebra C∞
ω (P) defined by the weak symplectic form ω is

smaller than C∞(P). But C∞(P) is a C∞
ω (P)-module because any f ∈ C∞

ω (P) acts on g ∈ C∞(P) by g 7→ X f [g].
In addition, the subalgebra C∞

ω (P) is invariant with respect to this action.
Substituting X instead of X f in (2.3), where X is a locally Hamiltonian vector field, that is, it satisfies £Xω = 0,

we see that X [g] ∈ C∞
ω (P) (in fact, the Hamiltonian vector field of X [g] is [X, Xg]). Thus, C∞

ω (P) is invariant with
respect to the action of the Lie algebra of locally Hamiltonian vector fields.

Finally, note that the Poisson bracket { f, g}ω(p) for f, g ∈ C∞
ω (P) is completely determined by d f (p) and dg(p).

The weak symplectic manifold (`∞ ×`1, ω). Now let us present as a canonical example the weak symplectic manifold
(`∞ × `1, ω). The space `∞ × `1 is the Banach space product of the Banach space `∞ of bounded real sequences and
the Banach space `1 of absolutely convergent sequences, that is,

q := {qk}
∞

k=0 ∈ `∞ if and only if ‖q‖∞ := sup
k=0,1,...

|qk | < +∞

and

p := {pk}
∞

k=0 ∈ `1 if and only if ‖p‖1 :=

∞∑
k=0

|pk | < +∞.

The strongly nondegenerate duality pairing

〈q,p〉 =

∞∑
k=0

qk pk, for q ∈ `∞,p ∈ `1, (2.5)

establishes the Banach space isomorphism (`1)∗ = `∞. The weak symplectic form ω is the canonical one given by

ω((q,p), (q′,p′)) = 〈q,p′
〉 − 〈q′,p〉, for q,q′

∈ `∞,p,p′
∈ `1. (2.6)

for q,q′
∈ `∞ and p,p′

∈ `1. It is useful to express ω, like in finite dimensions, as

ω =

∞∑
k=0

dqk ∧ dpk (2.7)

relative to the coordinates qk, pk . The expression (2.7) needs the following functional analytic interpretation. The
standard Schauder basis {|k〉}

∞

k=0 of `1 induces the basis {∂/∂pk}
∞

k=0 on the tangent space Tp`
1, which, of course,

coincides with `1. On `∞ the same basis is interpreted as follows. Any a := {ak}
∞

k=0 ∈ `∞ can be uniquely written as
a weakly convergent series a =

∑
∞

k=0 ak |k〉 and hence for q ∈ `∞ we define the sequence {∂/∂qk}
∞

k=0 of elements in
the tangent space Tq`

∞ ∼= `∞ to correspond to {|k〉}
∞

k=0.



704 A. Odzijewicz, T.S. Ratiu / Journal of Geometry and Physics 58 (2008) 701–719

With this understanding of the basis {∂/∂qk, ∂/∂pk}
∞

k=0 of T(q,p)(`∞ × `1) we can write any smooth vector field
X ∈ X(`∞ × `1) as

X (q,p) =

∞∑
k=0

(
Ak(q,p)

∂

∂qk
+ Bk(q,p)

∂

∂pk

)
,

where {Ak(q,p)}∞k=0 ∈ `∞ and {Bk(q,p)}∞k=0 ∈ `1. Thus, if Y is another vector field whose coefficients are
{Ck(q,p)}∞k=0 ∈ `∞, {Dk(q,p)}∞k=0 ∈ `1, applying formally the exterior differential calculus suggested by formula
(2.7) we get(

∞∑
k=0

dqk ∧ dpk

)
(X, Y ) (q,p) =

∞∑
k=0

(Ak(q,p)Dk(q,p)− Ck(q,p)Bk(q,p))

which coincides with (2.6). It is in this sense that formula (2.7) represents the weak symplectic form (2.6).
In this case we can determine explicitly the space C∞

ω (`
∞

× `1). To do this, we observe that for any h ∈

C∞
ω (`

∞
× `1) its partial derivatives ∂h/∂q ∈ (`∞)∗ and ∂h/∂p ∈ (`1)∗ = `∞, respectively. Since [(q,p)(`∞ × `1) ∼=

`1
× `∞ ⊂ (`∞)∗ × (`1)∗ one concludes that the Hamiltonian vector field Xh defined by the weak symplectic form

(2.7) and the function h exists if and only if ∂h/∂q ∈ `1
⊂ (`1)∗∗

= (`∞)∗. Therefore,

C∞
ω (`

∞
× `1) = { f ∈ C∞(`∞ × `1) | {∂h/∂qk}

∞

k=0 ∈ `1
}, (2.8)

and the Hamiltonian vector field defined by h ∈ C∞
ω (`

∞
× `1) has the expression

Xh(q,p) =
∂h

∂pk

∂

∂qk
−
∂h

∂qk

∂

∂pk
. (2.9)

The canonical Poisson bracket of f, h ∈ C∞
ω (`

∞
× `1) makes sense and is given by

{ f, g}ω(q,p) =

∞∑
k=0

(
∂ f

∂qk

∂g

∂pk
−
∂g

∂qk

∂ f

∂pk

)
. (2.10)

Banach Lie–Poisson spaces. We recall from [7] the following facts. Consider a Banach Lie algebra (g, [ , ]), that is, g
is a Banach space and the Lie bracket operation [ , ] : g × g → g is continuous in the norm topology. By definition, a
Banach Lie–Poisson space is a Banach space g∗ predual to g, that is, (g∗)

∗
= g, such that ad∗

x g∗ ⊂ g∗ for all x ∈ g.
Recall that ad∗

x : g∗
→ g∗ is the dual map to adx := [x, ·] : g → g and that g∗ is a Banach subspace of g∗. Under

these assumptions one defines the Poisson bracket of f, h ∈ C∞(g∗) by

{ f, h}(ρ) = 〈[D f (ρ), Dh(ρ)], ρ〉, (2.11)

where ρ ∈ g∗ and D f (ρ) ∈ g denotes the Fréchet derivative of f at the point ρ. The bracket equation (2.11) makes
C∞(g∗) into a Poisson algebra admitting (g∗)

∗
= g ⊂ C∞(g∗) as a subalgebra. Moreover, the Poisson bracket

equation (2.11) coincides with the original Lie bracket [ , ] on g.
The crucial example of a Banach Lie–Poisson space is the Banach space L1 of trace class operators on a real

or complex separable Hilbert space H. It is well known that the Banach space (L1)∗ dual to L1 is canonically
isomorphic to the Banach Lie algebra (L∞, [ , ]) of bounded linear operators with the commutator as the Lie bracket.
The isomorphism (L1)∗ ∼= L∞ is given by

〈x, ρ〉 = Tr(ρx), (2.12)

where x ∈ L∞ and ρ ∈ L1 (see, e.g. [9]).

Momentum maps on weak symplectic manifolds. The finite dimensional definition of the momentum map (see,
e.g., [1] or [6]) generalizes to weak symplectic Banach manifolds or Banach Poisson manifolds if one imposes certain
conditions specific to the infinite dimensional setting. We begin with a direct extension of the finite dimensional
setting.

Assume that g is a Lie algebra whose predual g∗ is a Banach Lie–Poisson space.
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Definition 2.3. Let (P, ω) be a weak symplectic Banach manifold and assume that g acts smoothly on P on the left,
that is, there is a smooth map (x, p) ∈ g× P 7→ xP (p) ∈ T P such that [x, y]P = −[xP , yP ] for any x, y ∈ g, that is,
one has a Lie algebra anti-homomorphism of g into the Lie algebra X(P) of smooth vector fields on P . A momentum
map J : P → g∗ is defined by the conditions

(i) x ◦ J ∈ C∞
ω (P) for all x ∈ g, and

(ii) ixPω = d(x ◦ J), that is, xP = Xx◦J, for all x ∈ g.

If, in addition, TpJ (xP (p)) = − ad∗
x J(p) for any x ∈ g, p ∈ P , then the momentum map J is said to be infinitesimally

equivariant.

In the Banach Poisson manifold context, it is convenient to introduce momentum maps differently (see [7]).

Definition 2.4. A smooth map J : P → g∗ that satisfies

(i) x ◦ J ∈ C∞
ω (P) for all x ∈ g, and

(ii) {x ◦ J, y ◦ J}ω = [x, y] ◦ J for all x, y ∈ g

is called a momentum map.

As we shall see below, this definition automatically implies infinitesimal equivariance relative to linear functions
on the predual g∗. The relationship between these definitions is given by the following statement.

Proposition 2.5. An infinitesimally equivariant momentum map in the sense of Definition 2.3 is a momentum map in
the sense of Definition 2.4. Conversely, given a momentum map in the sense of Definition 2.4, there is a smooth Lie
algebra action that admits a momentum map in the sense of Definition 2.3 which is infinitesimally equivariant.

Proof. Assume that J : P → g∗ is an infinitesimally equivariant momentum map in the sense of Definition 2.3. Then
applying the infinitesimal equivariance condition to y ∈ g and using the conditions (i) and (ii) in Definition 2.3, we
get

([x, y] ◦ J) (p) = 〈adx y, J(p)〉 =
〈
y, ad∗

x J(p)
〉
= −

〈
y, TpJ(xP (p))

〉
= −d(y ◦ J)(p)(xP (p))

= −d(y ◦ J)(p)(Xx◦J(p)) = {x ◦ J, y ◦ J}ω(p)

by (2.2). Therefore, J is a momentum map in the sense of Definition 2.4.
Conversely, assume that J is an infinitesimally equivariant momentum map in the sense of Definition 2.4. The

smooth map (x, p) ∈ g × P 7→ Xx◦J(p) ∈ T P defines indeed a Lie algebra action of g on P by setting
xP (p) := Xx◦J(p). Indeed, by (2.4) and (ii) in Definition 2.4 we get

[xP , yP ] = [Xx◦J, X y◦J] = −X{x◦J,y◦J}ω = −X[x,y]◦J = −[x, y]P

as required. Condition (ii) in Definition 2.3 is satisfied by the construction of the action and conditions (i) in both
definitions coincide. It remains to show that J so defined is indeed infinitesimally equivariant. Indeed, by (ii) of
Definition 2.4, for any x, y ∈ g we have〈

y, TpJ(xP (p))
〉
= d(y ◦ J)(p)(xP (p)) = d(y ◦ J)(p)(Xx◦J(p)) = −{x ◦ J, y ◦ J}ω(p)

= − ([x, y] ◦ J) (p) = −〈adx y, J(p)〉 = −
〈
y, ad∗

x J(p)
〉

so that by the Hahn–Banach Theorem we conclude that TpJ(xP (p)) = − ad∗
x J(p) for any x ∈ g and any p ∈ P . �

Remarks A. Condition (ii) in Definition 2.4 can be interpreted as expressing the fact that J is a Poisson map relative
to continuous linear functions on g∗, thought of as a Banach Lie–Poisson space. Therefore, using the Leibniz identity,
J is Poisson also relative to polynomial functions on g∗.

B. Functions of the form ϕ ◦ J ∈ C∞(P), where ϕ ∈ C∞(g∗), are called collective. Assuming that all collective
functions are in C∞

ω (P), Definition 2.3 implies that the infinitesimally equivariant momentum map J : P → g∗ is
a Poisson map relative to the Banach Lie–Poisson structure on g∗. This follows by simply recalling that the Poisson
bracket { f, g}ω(p) depends only on d f (p) and dg(p). Therefore, if ϕ,ψ ∈ C∞(g∗), letting x := dϕ(J(p)), y :=

dψ(J(p)) ∈ g, we have

{ϕ ◦ J, ψ ◦ J}ω(p) = {x ◦ J, y ◦ J}ω(p).
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On the other hand,

({ϕ,ψ} ◦ J)(p) = 〈[dϕ(J(p)),dψ(J(p))], J(p)〉 = 〈[x, y], J(p)〉 =
〈
y, ad∗

x J(p)
〉

= −
〈
y, TpJ(xP (p))

〉
= −d(y ◦ J)(p)(xP (p)) = −d(y ◦ J)(p) (Xx◦J(p))

= {x ◦ J, y ◦ J}ω(p)

by (2.2), which shows that {ϕ ◦ J, ψ ◦ J}ω = {ϕ,ψ} ◦ J and hence J : P → g∗ is a Poisson map on elements in
C∞
ω (P).

C. Momentum maps often appear through Lie group actions. If Φ : G × P → P is a smooth symplectic action
of the Banach Lie group G on the weak symplectic Banach manifold (P, ω), then the infinitesimal generators of the
action

xP (p) :=
d
dt

∣∣∣∣
t=0

Φ(exp(t x), p), x ∈ g

define a smooth Lie algebra action and one can then discuss the existence of the momentum map.
D. Note that C∞

ω (P) is left invariant by the G-action. Indeed, the Hamiltonian vector field of the smooth function
f ◦ Φg for f ∈ C∞

ω (P) exists and equals Φ∗
g X f . Similarly, for any z ∈ g, the Hamiltonian vector field of d f (zP )

exists and equals [zP , X f ].
E. Propositions 7.3 and 7.4 in [7] show that if the coadjoint isotropy subgroup of ρ ∈ g∗ is a closed Lie subgroup

of G, the coadjoint orbit is a weak symplectic manifold and the inclusion is a momentum map in the sense of
Definition 2.4.

We shall study other momentum maps in subsequent sections.

3. Symplectic induction

The goal of this section is to present the theory of symplectic induction on weak symplectic Banach manifolds.
Symplectic induction is a technique that associates to a given Hamiltonian H -space a Hamiltonian G-space whenever
H is a Lie subgroup of the Lie group G; see [3,10,11] for various versions of this construction and several applications.
We shall formulate this method in the category of Banach manifolds and shall impose also certain splitting assumptions
that are satisfied in the examples studied later.

The symplectic induced space. Let G be a Banach Lie group with Banach Lie algebra g. Let H be a closed Banach
Lie subgroup of G with Banach Lie algebra h. Assume that both g and h admit preduals g∗ and h∗, which are
invariant under the coadjoint actions of G and H , respectively (see [7] for various consequences of this assumption).
Throughout this section we shall make the following hypotheses:

• h∗ ⊂ g∗,
• there is an Ad∗

H -invariant splitting

g∗ = h∗ ⊕ h⊥
∗ , (3.1)

where h⊥
∗ is a Banach Ad∗

H -invariant subspace of g∗, which means that Ad∗

h h⊥
∗ ⊂ h⊥

∗ for any h ∈ H , where
Ad∗

: G → Aut(g∗) is the G-coadjoint action,
•
(
h⊥

∗

)◦
= h, where

(
h⊥

∗

)◦
is the annihilator of h⊥

∗ ,
• the Banach Lie group H acts symplectically on the weak symplectic Banach manifold (P, ω) and there is a H -

equivariant momentum map JH
P : P → h∗ in the sense of Definition 2.3.

Dualizing the splitting (3.1), we get an AdH -invariant splitting

g = h ⊕ h⊥, (3.2)

where h⊥
:= (h∗)

◦ is the annihilator of the Banach Lie–Poisson space h∗.
The induction method produces a Hamiltonian G-space by constructing a reduced manifold in the following way.

Form the product P × G × g∗ of weak symplectic manifolds, where G × g∗ has the weak symplectic form

ωL(g, ρ̃)
(
(ug, µ̃), (vg, ν̃)

)
= 〈ν̃, Tg Lg−1ug〉 − 〈µ̃, Tg Lg−1vg〉 + 〈ρ̃, [Tg Lg−1 ug, Tg Lg−1vg]〉, (3.3)
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for g ∈ G, ug, vg ∈ TgG, and ρ̃, µ̃, ν̃ ∈ g∗. This formula was introduced in [7] and it looks formally the same as the
left trivialized canonical symplectic form on the cotangent bundle of a finite dimensional Lie group (see [1], Section
4.4, Proposition 4.4.1). From (3.3) it follows that

C∞
ωL
(G × g∗) = {k ∈ C∞(G × g∗) | T ∗

e Lgd1k(g, ρ̃) ∈ g∗},

where d1k(g, ρ) ∈ T ∗
g G and d2k(g, ρ) ∈ (g∗)

∗
= g are the first and second partial derivatives of k. If k ∈

C∞
ωL
(G × g∗), the Hamiltonian vector field Xk ∈ X (G × g∗) has the expression

Xk(g, ρ̃) =

(
Te Lgd2k(g, ρ̃), ad∗

d2k(g,ρ̃) ρ̃ − T ∗
e Lgd1k(g, ρ̃)

)
. (3.4)

Therefore the canonical Poisson bracket of f, k ∈ C∞
ωL
(G × g∗) equals

{ f, k}(g, ρ) =
〈
d1 f (g, ρ), Te Lgd2k(g, ρ)

〉
−
〈
d1k(g, ρ), Te Lgd2 f (g, ρ)

〉
− 〈ρ, [d2 f (g, ρ), d2k(g, ρ)]〉 . (3.5)

The left G-action on G × g∗ given by g′
· (g, ρ) := (g′g, ρ) induces the momentum map (g, ρ) 7→ Ad∗

g−1 ρ which is
G-equivariant.

The weak symplectic form ω ⊕ ωL ∈ Ω2(P × G × g∗) is defined by

(ω ⊕ ωL)(p, g, ρ̃)
(
(ap, Te Lg x̃, µ̃), (bp, Te Lg ỹ, ν̃)

)
= ω(p)(ap, bp)+ 〈ν̃, x̃〉 − 〈µ̃, ỹ〉 + 〈ρ̃, [x̃, ỹ]〉, (3.6)

where p ∈ P , g ∈ G, ρ̃, µ̃, ν̃ ∈ g∗, x̃, ỹ ∈ g, and ap, bp ∈ Tp P .
The Banach Lie group H acts on P × G × g∗ by

h · (p, g, ρ̃) := (h · p, gh−1,Ad∗

h−1 ρ̃). (3.7)

The infinitesimal generator of this action defined by z ∈ h equals

zP×G×g∗
(p, g, ρ̃) =

(
zP (p),−Te Lgz,− ad∗

z ρ̃
)

which, by (3.4) and the assumption of the existence of a momentum map induced by the action of H on P , is a
Hamiltonian vector field relative to the function z◦

(
JH

P (p)− Π ρ̃
)
, where Π : g∗ → h∗ is the projection defined by the

splitting g∗ = h∗⊕h⊥
∗ . Therefore, the action (3.7) admits the equivariant momentum map J H

P×G×g∗
: P×G×g∗ → h∗

given by

JH
P×G×g∗

(p, g, ρ̃) = JH
P (p)− Π ρ̃. (3.8)

The H -action on P × G × g∗ is free and proper because H is a closed Banach Lie subgroup of G. Therefore
its restriction to the closed invariant subset (JH

P×G×g∗
)−1(0) is also free and proper. Let us assume now that 0 is

a regular value and hence (JH
P×G×g∗

)−1(0) is a submanifold. In concrete applications, such as gravity or Yang-
Mills theory, the proof of the regularity of 0 is usually achieved by appealing to elliptic operator theory. With
the assumption that 0 is a regular value and that for each (p, g, ρ̃) ∈ (JH

P×G×g∗
)−1(0) the map h ∈ H 7→

h · (p, g, ρ̃) := (h · p, gh−1,Ad∗

h−1 ρ̃) ∈ (JH
P×G×g∗

)−1(0) is an immersion, it follows that the quotient topological

space M := (JH
P×G×g∗

)−1(0)/H carries a unique smooth manifold structure relative to which the quotient projection
is a submersion. This underlying manifold topology is that of the quotient topological space and it is Hausdorff
(see [2], Chapter III, Section 1, Proposition 10 for a proof of these statements). Once these topological conditions are
satisfied, a technical lemma (stating that the double symplectic orthogonal of a closed subspace in a weak symplectic
Banach space is equal to the original subspace) allows one to extend the original proof of the reduction theorem
in finite dimensions (see [5]) to the case of weak symplectic Banach manifolds. We shall not dwell here on these
technicalities because in the example of interest to us, treated later, the reduction process will be carried out by hand
without any appeal to general theorems. Summarizing, we can form the induced space (M,ΩM ) which is a smooth
Hausdorff weak symplectic Banach manifold, where ΩM is the reduced symplectic form on (JH

P×G×g∗
)−1(0)/H .

Now note that if we denote ρ̃ = ρ + ρ⊥
∈ h∗ ⊕ h⊥

∗ we get

(JH
P×G×g∗

)−1(0) =

{
(p, g, ρ̃) ∈ P × G × g∗ | JH

P (p) = Π ρ̃
}
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= G ×

{
(p, ρ) ∈ P × h∗ | JH

P (p) = ρ
}

× h⊥
∗

∼= G × P × h⊥
∗ ,

where the H -equivariant diffeomorphism in the last line is given by

(p, ρ) ∈

{
(p, ρ) ∈ P × h∗ | JH

P (p) = ρ
}

7−→ p ∈ P.

Therefore the weak symplectic Banach manifold M = (JH
P×G×g∗

)−1(0)/H is diffeomorphic to the fiber bundle

G ×H (P × h⊥
∗ ) → G/H associated to G → G/H .

The weak symplectic form on the induced space. Denote by π0 : G × P × h⊥
∗ → G ×H (P × h⊥

∗ ) =: M the projection
onto the H -orbit space. The next statement gives the weak symplectic form on M .

Proposition 3.1. The total space of the associated fiber bundle G ×H (P × h⊥
∗ ) → G/H has a weak symplectic form

Ω given by

Ω(π0(g, p, ρ⊥))
(

T(g,p,ρ⊥)π0(Te Lg(x + x⊥), ap, µ
⊥), T(g,p,ρ⊥)π0(Te Lg(y + y⊥), bp, ν

⊥)
)

= ω(p)(ap, bp)+

〈
TpJH

P (bp), x
〉
+

〈
ν⊥, x⊥

〉
−

〈
TpJH

P (ap), y
〉
−

〈
µ⊥, y⊥

〉
+

〈
JH

P (p), [x, y]

〉
+

〈
ρ⊥, [x⊥, y] + [x, y⊥

]

〉
+

〈
JH

P (p)+ ρ⊥, [x⊥, y⊥
]

〉
, (3.9)

for g ∈ G, p ∈ P, ρ⊥, µ⊥, ν⊥
∈ h⊥

∗ , x, y ∈ h, x⊥, y⊥
∈ h⊥, and ap, bp ∈ Tp P. Equivalently, using on the right

hand side only tangent vectors of the form(
ap − xP (p), Te Lg(2x + x⊥), µ⊥

+ ad∗
x ρ

⊥

)
which are transversal to the H-orbits in the zero level set of the momentum map and hence represent the tangent space
Tπ0(g,p,ρ⊥)M to the reduced manifold M, the expression of Ω is

Ω(π0(g, p, ρ⊥))
(

T(g,p,ρ⊥)π0(Te Lg(x + x⊥), ap, µ
⊥), T(g,p,ρ⊥)π0(Te Lg(y + y⊥), bp, ν

⊥)
)

= ω(p)(ap − xP (p), bp − yP (p))+

〈
TpJH

P (bp − yP (p)), 2x
〉
+

〈
ν⊥

+ ad∗
y ρ

⊥, x⊥

〉
−

〈
TpJH

P (ap − xP (p)), 2y
〉
−

〈
µ⊥

+ ad∗
x ρ

⊥, y⊥

〉
+

〈
JH

P (p), [2x, 2y]

〉
+

〈
ρ⊥, [x⊥, 2y] + [2x, y⊥

]

〉
+

〈
JH

P (p)+ ρ⊥, [x⊥, y⊥
]

〉
. (3.10)

Proof. We begin with the proof (3.9). Let i0 : G × P × h⊥
∗ ↪→ P × G × g∗ be the inclusion i0(g, p, ρ⊥) :=

(p, g, JH
P (p) + ρ⊥). For p ∈ P , ρ⊥, µ⊥, ν⊥

∈ h⊥
∗ , g ∈ G, x̃ = x + x⊥, ỹ = y + y⊥

∈ g, x, y ∈ h, x⊥, y⊥
∈ h⊥,

and ap, bp ∈ Tp P , the reduction theorem and (3.6) give

Ω(π0(g, p, ρ⊥))
(

T(g,p,ρ⊥)π0(Te Lg x̃, ap, µ
⊥), T(g,p,ρ⊥)π0(Te Lg ỹ, bp, ν

⊥)
)

= i∗0 (ω ⊕ ωL)(p, g, ρ⊥)
(
(ap, Te Lg x̃, µ⊥), (bp, Te Lg ỹ, ν⊥)

)
= (ω ⊕ ωL)(p, g, JH

P (p)+ ρ⊥)
(
(ap, Te Lg x̃, TpJH

P (ap)+ µ⊥), (bp, Te Lg ỹ, TpJH
P (bp)+ ν⊥)

)
= ω(p)(ap, bp)+

〈
TpJH

P (bp)+ ν⊥, x + x⊥

〉
−

〈
TpJH

P (ap)+ µ⊥, y + y⊥

〉
+

〈
JH

P (p)+ ρ⊥, [x + x⊥, y + y⊥
]

〉
.

Since [x + x⊥, y + y⊥
] = [x, y]+ [x⊥, y]+ [x, y⊥

]+ [x⊥, y⊥
], [x, y] ∈ h = (h⊥

∗ )
◦, [x⊥, y]+ [x, y⊥

] ∈ h⊥
= (h∗)

◦

(because the splitting g = h ⊕ h⊥ is Ad∗

H -invariant), ρ⊥
∈ h⊥

∗ , and JH
P (p) ∈ h∗, the last term becomes
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JH

P (p)+ ρ⊥, [x + x⊥, y + y⊥
]

〉
=

〈
JH

P (p), [x, y]

〉
+

〈
ρ⊥, [x⊥, y] + [x, y⊥

]

〉
+

〈
JH

P (p)+ ρ⊥, [x⊥, y⊥
]

〉
.

Since TpJH
P (bp) ∈ h∗, ν⊥

∈ h⊥
∗ , x ∈ h = (h⊥

∗ )
◦, and x⊥

∈ h⊥
= (h∗)

◦, the second term becomes〈
TpJH

P (bp)+ ν⊥, x + x⊥

〉
=

〈
TpJH

P (bp), x
〉
+

〈
ν⊥, x⊥

〉
.

Similarly, the third term is〈
TpJH

P (ap)+ µ⊥, y + y⊥

〉
=

〈
TpJH

P (ap), y
〉
+

〈
µ⊥, y⊥

〉
.

Thus we get

Ω(π0(g, p, ρ⊥))
(

T(g,p,ρ⊥)π0(Te Lg(x + x⊥), ap, µ
⊥), T(g,p,ρ⊥)π0(Te Lg(y + y⊥), bp, ν

⊥)
)

= ω(p)(ap, bp)+

〈
TpJH

P (bp), x
〉
+

〈
ν⊥, x⊥

〉
−

〈
TpJH

P (ap), y
〉
−

〈
µ⊥, y⊥

〉
+

〈
JH

P (p), [x, y]

〉
+

〈
ρ⊥, [x⊥, y] + [x, y⊥

]

〉
+

〈
JH

P (p)+ ρ⊥, [x⊥, y⊥
]

〉
which proves (3.9).

We want to simplify this expression by taking advantage of the H -action on the zero level set of the momentum
map. For x ∈ h we have by H -equivariance of JH

P and the Ad∗

H -invariance of the splitting g∗ = h∗ ⊕ h⊥
∗

xP×G×g∗
(p, g, JH

P (p)+ ρ⊥) =
d
dt

∣∣∣∣
t=0

(
exp t x · p, g exp(−t x),Ad∗

exp(−t x)(J
H
P (p)+ ρ⊥)

)
=

d
dt

∣∣∣∣
t=0

(
exp t x · p, g exp(−t x), JH

P (exp t x · p)+ Ad∗

exp(−t x) ρ
⊥

)
=

(
xP (p),−Te Lgx, TpJH

P (xP (p))− ad∗
x ρ

⊥

)
.

Now decompose(
ap, Te Lg(x + x⊥), TpJH

P (ap)+ µ⊥

)
=

(
xP (p),−Te Lgx, TpJH

P (xP (p))− ad∗
x ρ

⊥

)
+

(
ap − xP (p), Te Lg(2x + x⊥), TpJH

P (ap − xP (p))+ µ⊥
+ ad∗

x ρ
⊥

)
.

Since the form Ω does not depend on the first summand, this means that we can replace everywhere in (3.9) ap by
ap − xP (p), x by 2x , and µ⊥ by µ⊥

+ ad∗
x ρ

⊥. Similarly, we can replace bp by bp − yP (p), y by 2y, and ν⊥ by
ν⊥

+ ad∗
y ρ

⊥. Thus (3.9) becomes

ω(p)(ap − xP (p), bp − yP (p))+

〈
TpJH

P (bp − yP (p)), 2x
〉
+

〈
ν⊥

+ ad∗
y ρ

⊥, x⊥

〉
−

〈
TpJH

P (ap − xP (p)), 2y
〉
−

〈
µ⊥

+ ad∗
x ρ

⊥, y⊥

〉
+

〈
JH

P (p), [2x, 2y]

〉
+

〈
ρ⊥, [x⊥, 2y] + [2x, y⊥

]

〉
+

〈
JH

P (p)+ ρ⊥, [x⊥, y⊥
]

〉
which proves (3.10). �

Remark. If H = G, then one can verify directly that the map Ψ : G ×H (P × {0}) → P given by Ψ(π0(g, p, 0)) :=

g · p is a diffeomorphism between the weak symplectic manifolds (G ×H (P ×{0}),Ω) (the induced space) and (P, ω)
(the original manifold).

The momentum map on the induced space. Now we shall construct a G-action on the induced space(
G ×H (P × h⊥

∗ ),Ω
)

and a G-equivariant momentum map JG
M : G ×H (P × h⊥

∗ ) → g∗.
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The Banach Lie group G acts on G × P × h⊥
∗ by g′

· (g, p, ρ⊥) := (g′g, p, ρ⊥). This G-action commutes with
the H -action and so G acts on the induced space G ×H (P × h⊥

∗ ) by g′
· [g, p, ρ⊥

] := [g′g, p, ρ⊥
]. It is routine to

verify that this action preserves the weak symplectic form Ω and that the map

JG
M ([g, p, ρ⊥

]) = Ad∗

g−1

(
JH

P (p)+ ρ⊥

)
(3.11)

satisfies the conditions of Definition 2.3. We conclude hence the following result.

Proposition 3.2. The map JG
M : G ×H (P × h⊥

∗ ) → g∗ given by (3.11) is a G-equivariant momentum map for the
G-weak symplectic manifold

(
G ×H (P × h⊥

∗ ),Ω
)
.

The goal of the induction construction has now been achieved: starting with the Hamiltonian H -space (P, ω),
where H is a closed Lie subgroup of a Lie group G, a new Hamiltonian G-space has been constructed, namely
(G ×H (P × h⊥

∗ ),Ω).

4. Banach Lie–Poisson spaces of k-diagonal trace class operators

In this section we introduce families of trace class operators that will be useful later on. For all the proofs of the
statements below we refer to [8].

Let us begin with some useful preliminary notation. By {|n〉}
∞

n=0 we denote an orthonormal basis of the real
separable Hilbert spaceH. It induces the Schauder basis {|n〉〈m|}

∞

n,m=0 of L1. Thus, for ρ ∈ L1 one has the expression

ρ =

∞∑
n,m=0

ρnm |n〉〈m|, (4.1)

where the series is convergent in the ‖ · ‖1-topology. Similarly, for x ∈ L∞, one has

x =

∞∑
l,k=0

xlk |l〉〈k|, (4.2)

where the series is convergent in the w∗-topology. In particular, the shift operator S ∈ L∞ and its adjoint ST have the
expressions

S :=

∞∑
n=0

|n〉〈n + 1| and its adjoint ST
:=

∞∑
n=0

|n + 1〉〈n|. (4.3)

Let L∞

0 :=
{∑

∞

n=0 xn|n〉〈n| | {xn}
∞

n=0 ∈ `∞
}

and L1
0 :=

{∑
∞

n=0 ρn|n〉〈n| | {ρn}
∞

n=0 ∈ `1
}

denote the Banach
subspaces of diagonal bounded and trace class operators, respectively. In subsequent considerations we will be
interested in the following Banach subspaces:

• L∞
+ :=

{
x =

∑
∞

n=0 xn Sn
| xn ∈ L∞

0

}
• L1

− :=
{
ρ =

∑
∞

n=0(S
T )nρn | ρn ∈ L1

0

}
• L∞

+,k :=

{
x =

∑k−1
n=0 xn Sn

| xn ∈ L∞

0

}
, for k ≥ 2

• L1
−,k :=

{
ρ =

∑k−1
n=0(S

T )nρn | ρn ∈ L1
0

}
, for k ≥ 2

• I ∞

+,k :=
{

x =
∑

∞

n=k xn Sn
| xn ∈ L∞

0

}
, for k ≥ 1

• I 1
−,k :=

{
ρ =

∑
∞

n=k(S
T )nρn | ρn ∈ L1

0

}
, for k ≥ 1

• B∞

+,k :=
{

x = x0 + xk−1Sk−1
| x0, xk−1 ∈ L∞

0

}
, for k ≥ 2

• B1
−,k :=

{
ρ = ρ0 + (Sk−1)T ρk−1 | ρ0, ρk−1 ∈ L1

0

}
, for k ≥ 2

• (B∞

+,k)
⊥

:=
{
ρ = x1S + · · · + xk−2Sk−2

| xi ∈ L∞

0

}
, for k ≥ 3

• (B1
−,k)

⊥
:=
{
ρ = ST ρ1 + · · · + (ST )k−2ρk−2 | ρi ∈ L1

0

}
, for k ≥ 3

• L∞

k := L∞

0 Sk , for k ≥ 0
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• L1
k := (ST )k L1

0, for k ≥ 0.

In this list the every space of trace class operators is predual to the space of bounded operators above it, the
isomorphism being given by the duality pairing (2.12). So, for example, the predual of B∞

+,k is B1
−,k . Note that the

subalgebra B∞

+,k of L∞

+,k is formed by upper triangular bounded operators that have only two non-zero diagonals,

namely the main diagonal and the strictly upper k − 1 diagonal. A symmetric remark applies to B1
−,k .

The space of upper triangular bounded operators L∞
+ is a Banach Lie algebra whose underlying Banach Lie group

is GL∞
+ := GL∞

∩ L∞
+ , where GL∞ is the Banach Lie group of invertible bounded operators. The Banach Lie group

G I ∞

+,k := (I + I ∞

+,k) ∩ GL∞
+

= {I + ϕ | ϕ ∈ I ∞

+,k, I + ϕ is invertible in GL∞
+ } (4.4)

has I ∞

+,k as its Banach Lie algebra. Since I ∞

+,k is an ideal in L∞
+ (relative to both the associative and Lie structures),

G I ∞

+,k is a closed normal Banach Lie subgroup in GL∞
+ and the factor group GL∞

+ /GL∞

+,k is a Banach Lie group
isomorphic to the group

GL∞

+,k =

{
g =

k−1∑
i=0

gi Si
| gi ∈ L∞

0 , |g0| ≥ ε(g0)I for some ε(g0) > 0

}
(4.5)

whose multiplication is defined by

g ◦k h :=

k−1∑
l=0

(
l∑

i=0

gi s
i (hl−i )

)
Sl , (4.6)

and the inverse g−1
= g−1

0 + h1S + · · · + hk−1Sk−1 of g = g0 + g1S + · · · + gk−1Sk−1
∈ GL∞

+,k is given by

h p = −g−1
0

[
p−1∑
r=1

∑
(−1)r−1gi1s j1(g−1

0 gi2) . . . s
jq (g−1

0 giq ) . . . s
jr (g−1

0 gir )

]
s p(g−1

0 ), (4.7)

1 ≤ p ≤ k − 1, where the second sum is taken over all indices {i1, . . . , ir , j1, . . . , jr } such that i1 + · · · + ir = p
(equality between the iq is permitted), 0 ≤ i1, . . . , ir ≤ p, 1 ≤ i1 = j1 < j2 < · · · < jr = p − ir ≤ p − 1. In these
formulas s, s̃ : L∞

0 → L∞

0 (s, s̃ : L1
0 → L1

0) are given by

Sx = s(x)S or x ST
= ST s(x)

ST x = s̃(x)ST or x S = Ss̃(x)

}
(4.8)

for x ∈ L∞

0 or x ∈ L1
0. Thus, s(x0, x1, x2 . . . , xn, . . .) := (x1, x2, . . . , xn, . . .) and s̃(x0, x1, x2 . . . , xn, . . .) :=

(0, x0, x1, x2, . . . , xn, . . .) for any (x0, x1, x2 . . . , xn, . . .) ∈ `∞ ∼= L∞

0 ; s and s̃ are mutually adjoint operators.
The Banach Lie algebra of GL∞

+,k is L∞

+,k with the bracket defined by

[x, y]k := x ◦k y − y ◦k x =

k−1∑
l=0

l∑
i=0

(
xi s

i (yl−i )− yi s
i (xl−i )

)
Sl (4.9)

Since
(

L∞

+,k

)
∗

= L1
−,k , the Lie–Poisson bracket on L1

−,k assumes the following form

{ f, g}k(ρ) = Tr
(
ρ [D f (ρ), Dg(ρ)]k

)
=

k−1∑
l=0

l∑
i=0

Tr
[
ρl

(
δ f

δρi
(ρ)si

(
δg

δρl−i
(ρ)

)
−
δg

δρi
(ρ)si

(
δ f

δρl−i
(ρ)

))]
(4.10)

for f, g ∈ C∞(L1
−,k), where δ f

δρi
(ρ) denotes the partial functional derivative of f relative to ρi defined by

D f (ρ) =
δ f
δρ0
(ρ)+

δ f
δρ1
(ρ)S + · · · +

δ f
δρk−1

(ρ)Sk−1. If k = ∞ we get the Lie–Poisson bracket on L1
−.
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The coadjoint action
(
Ad+,k)∗ of GL∞

+,k on L1
−,k is given by

(Ad+,k)∗g−1ρ =

k−1∑
i, j,l=0, j≥i+l

(ST ) j−i−l s̃l
[s j (s̃i (gi ))ρ j hl ], (4.11)

where ρ = ρ0 + ST ρ1 + · · · + (ST )k−1ρk−1 ∈ L1
−,k , g = g0 + g1S + · · · + gk−1Sk−1

∈ GL∞

+,k , and the diagonal
operators hl are expressed in terms of the gi in (4.7).

Thus, the Hamiltonian equations defined by h ∈ C∞(L1
−,k) are

d
dt
ρ j = −

k−1∑
l= j

(
s̃l− j

(
ρl
δhk

δρl− j

)
− ρls

j
(
δhk

δρl− j

))
for j = 0, 1, 2, . . . , k − 1. (4.12)

The functions I k
l ∈ C∞(L1

−,k) defined by

I k
l (ρ) :=

1
l

Tr
(
ρ + ρT

− ρ0

)l
, for l ∈ N, (4.13)

where ρ =
∑k−1

n=0(S
T )nρn ∈ L1

−,k , are in involution with respect to the Poisson bracket (4.10), that is, {I k
n , I k

m}k = 0
for all n,m ∈ N. For k = 2 they give the Toda hierarchy. So one can consider the Hamiltonian system described by
(4.12) and (4.13) as a k-diagonal version of the semi-infinite Toda lattice.

Now let us fix the Banach Lie subgroup G B∞

+,k ⊂ GL∞

+,k of bidiagonal elements g = g0 + gSk−1
∈ GL∞

+,k . The
group multiplication (4.6) takes on a simple form on G B∞

+,k , namely,

g ◦k h = g0h0 + (g0hk−1 + gk−1sk−1(h0))S
k−1 (4.14)

and the inverse of g in G B∞

+,k is given by

g−1
= g−1

0 − g−1
0 gk−1sk−1(g−1

0 )Sk−1. (4.15)

The Lie bracket of x, y ∈ B∞

+,k has the expression

[x, y]k =

(
xk−1(s

k−1(y0)− y0)− yk−1(s
k−1(x0)− x0)

)
Sk−1. (4.16)

The group coadjoint action
(
Ad+,k)∗

g−1 : B1
−,k → B1

−,k for g := g0 + gk−1Sk−1
∈ G B∞

+,k ⊂ GL∞

+,k and Lie

algebra coadjoint action (ad+,k)∗x : B1
−,k → B1

−,k , for x := x0 + xk−1Sk−1
∈ B∞

+,k ⊂ L∞

+,k are given by

(
Ad+,k

)∗

g−1
ρ = ρ0 + g−1

0 gk−1ρk−1 − s̃k−1
(

g−1
0 gk−1ρk−1

)(
I −

k−2∑
j=0

p j

)

+

(
ST
)k−1

sk−1(g0)g
−1
0 ρk−1 (4.17)

and (
ad+,k

)∗

x
ρ = s̃k−1(ρk−1xk−1)− ρk−1xk−1 +

(
ST
)k−1

ρk−1(x0 − sk−1(x0)) (4.18)

where ρ := ρ0 + (ST )k−1ρk−1 ∈ I 1
−,0,k−1.

The Lie algebra B∞

+,k of G B∞

+,k has B1
−,k as predual. One has the Banach space splittings

L∞

+,k = B∞

+,k ⊕ (B∞

+,k)
⊥ (4.19)

and

L1
−,k = B1

−,k ⊕ (B1
−,k)

⊥. (4.20)
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We shall prove that the splittings (4.19) and (4.20) are AdG B∞
+,k

and Ad∗

G B∞
+,k

-invariant, respectively.

Let us show that the splitting (4.19) is invariant relative to the restriction AdG B∞
+,k

of the adjoint action Ad+,k of
the Banach Lie group GL∞

+,k to the Lie subgroup G B∞

+,k . Clearly the summand B∞

+,k is preserved because it is the Lie
algebra of G B∞

+,k . To see that the second factor (B∞

+,k)
⊥ is also preserved, using (4.15), it suffices to show that for any

h = h0 + hk−1Sk−1
∈ G B∞

+,k and any x1S + · · · + xk−2Sk−2
∈ (B∞

+,k)
⊥ we have

(Ad+,k)h(x1S + · · · xk−2Sk−2)

=

(
h0 + hk−1Sk−1

)
◦k

(
x1S + · · · + xk−2Sk−2

)
◦k

(
h−1

0 − h−1
0 hk−1sk−1(h−1

0 )Sk−1
)

= h0s(h−1
0 )x1S + · · · + h0sk−2(h−1

0 )xk−2Sk−2 (4.21)

which is a straightforward verification.
Next we show that the splitting (4.20) is invariant relative to the restriction Ad∗

G B∞
+,k

of the coadjoint action

(Ad+,k)∗ of GL∞

+,k to the Lie subgroup G B∞

+,k . First, by (4.17) the G B∞

+,k coadjoint action preserves the predual

B1
−,k . Second, to show that the second summand (B1

−,k)
⊥ is also preserved, one verifies directly, using (4.15), that for

any h = h0 + hk−1Sk−1
∈ G B∞

+,k and ST ρ1 + · · · + (ST )k−2ρk−2 ∈ (B1
−,k)

⊥ we have

(Ad+,k)∗
h−1(S

T ρ1 + · · · + (ST )k−2ρk−2) = ST s(h0)h
−1
0 ρ1 + · · · + (ST )k−2sk−2(h0)h

−1
0 ρk−2. (4.22)

In order to satisfy all hypotheses necessary for the symplectic induction procedure (see Section 3) we define:

(i) the map Jν : (`∞ × `1, ω) → (B∞

+,k, { , }) by

Jν(q,p) = p + (ST )k−1νesk−1(q)−q, (4.23)

where the fixed element (ST )k−1ν ∈ L1
−,k satisfies νi i 6= 0 for all i = 0, 1, 2, . . . ;

(ii) the ν-dependent symplectic action of G B∞

+,k on `∞ × `1 by

σ νg(q,p) :=

(
q + log g0,p + gk−1g−1

0 νesk−1(q)−q
− s̃k−1

(
gk−1g−1

0 νesk−1(q)−q
))
, (4.24)

where g := g0 + gk−1Sk−1
∈ G B∞

+,k and (q,p) ∈ `∞ × `1.

Here and in what follows the logarithm and the exponential of a sequence is the sequence whose elements are the
logarithms and the exponentials of every element in the sequence. Denote by GL∞,k−1

0 the Banach Lie subgroup of

(k − 1)-periodic elements of GL∞

0 , that is, g0 ∈ GL∞,k−1
0 if and only if sk−1(g0) = g0. Denote by L∞,k−1

0 the

Banach Lie algebra of GL∞,k−1
0 . In [8] we proved the following.

Proposition 4.1. The smooth map Jν : `∞ × `1
→ B1

−,k given by (4.23) is constant on the σ ν-orbits of the subgroup

GL∞,k−1
0 . In addition:

(i) Jν is a momentum map. More precisely, { f ◦ Jν, g ◦ Jν}ω = { f, g}0,k−1 ◦ Jν , for all f, g ∈ C∞(B1
−,k), where

{·, ·}ω is the canonical Poisson bracket of the weak symplectic Banach space
(
`∞ × `1, ω

)
given by (2.10) and

{ , }0,k−1 is the Lie–Poisson bracket on B1
−,k given by

{ f, h}B1
−,k
(ρ) = Tr

[
ρk−1

(
∂ f

∂ρk−1

(
sk−1

(
∂h

∂ρ0

)
−
∂h

∂ρ0

)
−

∂h

∂ρk−1

(
sk−1

(
∂ f

∂ρ0

)
−
∂ f

∂ρ0

))]
(4.25)

(ii) Jν is G B∞

+,k-equivariant, that is, Jν ◦ σ νg =
(
Ad−,k)∗

g−1 ◦ Jν for any g ∈ G B∞

+,k .

Now we are ready to implement a symplectic induction procedure.
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5. The momentum map for ((`∞)k−1 × (`1)k−1,Ω k)

In this section we construct a weak symplectic form Ωk on (`∞)k−1
×
(
`1
)k−1

(see (5.10)) which has a non-
canonical term responsible for the interaction of the Toda system with some kind of an external “field”. Then we

find a GL∞

+,k-equivariant momentum map Jk : (`∞)k−1
×
(
`1
)k−1

→ L1
−,k (see (5.5)) which can be interpreted as

a generalization of the momentum map (4.23) defined for the bidiagonal case. We shall illustrate the hierarchy of
dynamical systems obtained in this way by presenting the special case k = 3 in detail (see (5.19)). The simpler case
k = 2 does not add anything new since one recovers by the symplectic induction method the original semi-infinite
Toda system studied in [8].

We shall apply the induction method discussed in Section 3 to the weak symplectic manifold (P, ω) = (`∞×`1, ω)

with ω given by (2.6), the Banach Lie group G := (GL∞

+,k, ◦k) defined in (4.5), and the Banach Lie subgroup
H := G B∞

+,k . As will be seen, the abstract constructions presented in Section 3 become completely explicit in this
case.

We begin by listing the objects involved in this construction. The Banach Lie algebra is g := L∞

+,k , the subalgebra

is h := B∞

+,k , and its closed split complement is h⊥
:= (B∞

+,k)
⊥. At the level of the preduals we have g∗ = L1

−,k ,

h∗ = B1
−,k , and its closed split complement h⊥

∗ = (B1
−,k)

⊥. We have hence the adjoint and coadjoint invariant Banach

space direct sums (4.19) and (4.20). Thus, every ρ ∈ L1
−,k decomposes uniquely as ρ = γ + γ⊥, where γ ∈ B1

−,k

and γ⊥
∈ (B1

−,k)
⊥.

We fix in all considerations below an element ν ∈ L1
0. According to the general theory we shall take the weak

symplectic manifolds GL∞

+,k × L1
−,k and `∞ × `1, the canonical action σ ν : G B∞

+,k × (`∞ × `1) → `∞ × `1 defined

in (4.24), and its equivariant momentum map Jν : `∞ × `1
→ B1

−,k given by (4.23) (see Proposition 4.1). By (3.7),

the Banach Lie group G B∞

+,k acts on the product (`∞ × `1)× GL∞

+,k × L1
−,k by

h · ((q,p), g, ρ) :=

(
σ ν(q,p), g ◦k h−1, (Ad+,k)∗h−1ρ

)
,

where h ∈ G B∞

+,k , g ∈ GL∞

+,k , (q,p) ∈ `∞ × `1, and ρ ∈ L1
−,k . This action admits the equivariant momentum map

(3.8), which in this case becomes

((q,p), g, γ + γ⊥) ∈ (`∞ × `1)× GL∞

+,k ×

(
B1

−,k ⊕ (B1
−,k)

⊥

)
7−→ Jν(q,p)− γ ∈ B1

−,k .

The zero level set of this momentum map is a smooth manifold, G B∞

+,k-equivariantly diffeomorphic to GL∞

+,k ×

(`∞ × `1)× (B1
−,k)

⊥, the action on the target being

h ·

(
g,q,p, γ⊥

)
:=

(
g ◦k h−1, σ νh(q,p),

(
Ad+,k

)∗

h−1
γ⊥

)
.

The symplectically induced space is hence the fiber bundle

GL∞

+,k ×G B∞
+,k

(
`∞ × `1

× (B1
−,k)

⊥

)
→ GL∞

+,k/G B∞

+,k

associated to the principal bundle GL∞

+,k → GL∞

+,k/G B∞

+,k .

We begin by explicitly determining the base manifold of this bundle. If g = g0 + · · · + gk−1Sk−1
∈ GL∞

+,k and
h = h0 + hk−1Sk−1

∈ G B∞

+,k then

g ◦k h−1
= (g0 + · · · + gk−1Sk−1) ◦k(h

−1
0 − h−1

0 hk−1sk−1(h−1
0 )Sk−1)

= g0h−1
0 + g1s(h−1

0 )S + · · · + gk−2sk−2(h−1
0 )Sk−2

+

(
gk−1sk−1(h−1

0 )− g0h−1
0 hk−1sk−1(h−1

0 )
)

Sk−1.
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Therefore, the smooth map GL∞

+,k → (`∞)k−2 given by

GL∞

+,k 3 g0 + · · · + gk−1Sk−1
7→ (g0 + · · · + gk−1Sk−1) ◦k(g

−1
0 − g−1

0 gk−1sk−1(h−1
0 )Sk−1)

= I + g1s(g−1
0 )S + · · · + gk−2sk−2(g−1

0 )Sk−2

7→

(
g1s(g−1

0 ), . . . , gk−2sk−2(g−1
0 )

)
∈
(
`∞
)k−2

factors through the G B∞

+,k-action thus inducing a smooth map GL∞

+,k/G B∞

+,k → (`∞)k−2. Its inverse is the smooth
map (

q1, . . . ,qk−2
)

∈
(
`∞
)k−2

7→ [I + q1S + · · · + qk−2Sk−2
] ∈ GL∞

+,k/G B∞

+,k

which proves that GL∞

+,k/G B∞

+,k is diffeomorphic to (`∞)k−2.
Next, we shall prove that the smooth map

Φ : (`∞ × `1)×
(
`∞
)k−2

×

(
`1
)k−2

→ GL∞

+,k ×G B∞
+,k

(
`∞ × `1

× (B1
−,k)

⊥

)
given by

Φ
(
(q,p),q1, . . . ,qk−2,p1, . . . ,pk−2

)
:=

[(
I + q1S + · · · + qk−2Sk−2, (q,p), ST p1 + · · · + (ST )k−2pk−2

)]
is a diffeomorphism thereby trivializing the associated bundle, which is the reduced space. Indeed, this map has a
smooth inverse given by

Φ−1
([(

g0 + · · · + gk−1Sk−1, (q,p), γ⊥

)])
=

(
σ νg0+gk−1 Sk−1(q,p), g1s(g−1

0 ), . . . , gk−2sk−2(g−1
0 ),

(
Ad+,k

)∗

(g0+gk−1 Sk−1)−1
γ⊥

)
,

where, in the third component of the right hand side we have identified (B1
−,k)

⊥ with (`1)k−2 through the

isomorphisms L1
k

∼= `1.

The GL∞

+,k-action on the reduced manifold GL∞

+,k ×G B∞
+,k

(
`∞ × `1

× (B1
−,k)

⊥

)
is given by

g′
· [g, (q,p), γ⊥

] = [g′
◦k g, (q,p), γ⊥

]

for any g′, g ∈ GL∞

+,k , (q,p) ∈ `∞ × `1, and γ⊥
∈ (B1

−,k)
⊥. Via the globally trivializing diffeomorphism Φ, the

induced GL∞

+,k-action on (`∞ × `1)× (`∞)k−2
×
(
`1
)k−2

has the expression

(g0 + · · · + gk−1Sk−1) ·
(
(q,p),q1, . . . ,qk−2,p1, . . . ,pk−2

)
= Φ−1

(
(g0 + · · · + gk−1Sk−1) · Φ

(
(q,p),q1, . . . ,qk−2,p1, . . . ,pk−2

))
= Φ−1

(
(g0 + · · · + gk−1Sk−1) ·

[(
I + q1S + · · · + qk−2Sk−2, (q,p), ST p1 + · · · + (ST )k−2pk−2

)])
= Φ−1

([(
(g0 + · · · + gk−1Sk−1) ◦k(I + q1S + · · · + qk−2Sk−2), (q,p), ST p1 + · · · + (ST )k−2pk−2

)])
= Φ−1

([(
g0 +

k−2∑
l=1

(
l∑

i=0

gl−i s
l−i (qi )

)
Sl

+

(
k−2∑
i=0

gk−1−i s
k−1−i (qi )

)
Sk−1, (q,p),

ST p1 + · · · + (ST )k−2pk−2

)])
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=

σ ν

g0+

(
k−2∑
i=0

gk−1−i sk−1−i (qi )

)
Sk−1

(q,p), s(g−1
0 )

1∑
i=0

g1−i s
1−i (qi ), . . . , s(g−1

0 )

k−2∑
i=0

gk−2−i s
k−2−i (qi ),

s(g0)g
−1
0 , . . . , sk−2(g0)g

−1
0

 ,
where the equality in the last k − 2 components follows from (4.22).

Let us summarize the considerations above. Using (4.24) and denoting(
(q′,p′),q′

1, . . . ,q′

k−2,p′

1, . . . ,p′

k−2

)
:= (g0 + · · · + gk−1Sk−1) ·

(
(q,p),q1, . . . ,qk−2,p1, . . . ,pk−2

)
,

we conclude that the GL∞

+,k-action on the reduced manifold (`∞ × `1)× (`∞)k−2
×
(
`1
)k−2

is given by

q′
= q + log g0 (5.1)

p′
= p +

(
k−2∑
i=0

gk−1−i s
k−1−i (qi )

)
g−1

0 νesk−1(q)−q
− s̃k−1

((
k−2∑
i=0

gk−1−i s
k−1−i (qi )

)
g−1

0 νesk−1(q)−q

)
(5.2)

q′

l = s(g−1
0 )

l∑
i=0

gl−i s
l−i (qi ) (5.3)

p′

l = sl(g0)g
−1
0 pl , l = 1, . . . , k − 2. (5.4)

All geometric objects described above satisfy the assumptions of Propositions 3.1 and 3.2 and thus one has the weak

symplectic form Ωk and the momentum map Jk : (`∞ × `1)× (`∞)k−2
×
(
`1
)k−2

→ L1
−,k given by (3.9) and (3.11),

respectively. By (4.11), Jk takes the form

Jk
(
(q,p),q1, . . .qk−2,p1, . . .pk−2

)
=

(
Ad+,k

)∗

(I+q1 S+···+qk−2 Sk−2)−1

(
Jν(q,p)+ ST p1 + · · · + (ST )k−2pk−2

)
=

(
Ad+,k

)∗

(I+q1 S+···+qk−2 Sk−2)−1

(
p + ST p1 + · · · + (ST )k−2pk−2 + (ST )k−1νesk−1(q)−q

)
, (5.5)

where the inverse (I + q1S + · · · + qk−2Sk−2)−1 is given by (4.7). We shall call Jk the generalized Flaschka map.
In order to obtain the explicit expression of the weak symplectic form Ωk (see (5.10)) on the induced symplectic

manifold (`∞ ×`1)× (`∞)k−2
×
(
`1
)k−2

, let us notice that the symplectic form ω+ωL on (`∞ ×`1)×GL∞

+,k × L1
−,k

is given by

ω + ωL = −d
(

Tr(pdq)+ Tr(ρg−1
◦k dg)

)
, (5.6)

where g−1
◦k dg is the left Maurer-Cartan form on the Banach Lie group GL∞

+,k . One has the following decomposition

θ := Tr(ρg−1
◦k dg) = Tr

(
k−1∑
l=0

ρlθl

)
(5.7)

for ρ = ρ0 + ST ρ1 + · · · + (ST )k−1ρk−1 ∈ L1
−,k with

θl =

l∑
i=0

hi (g)s
i (dgl−i ), l = 0, 1, . . . , k − 1.

The diagonal operators hi are the components of g−1
= h0+h1S+· · ·+hk−1Sk−1 given by (4.7). Let θ̃ be the pull back

of θ to the zero level set of the momentum map (3.8). Next, we pull back the form θ̃ to (`∞ ×`1)×(`∞)k−2
×
(
`1
)k−2
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by the global section Σ : (`∞ × `1)× (`∞)k−2
×
(
`1
)k−2

→ GL∞

+,k ×
(
`∞ × `1

)
× (B1

−,k)
⊥ defined by

Σ ((q,p),q1, . . .qk−2,p1, . . . ,pk−2) :=

(
I + q1S,+ · · · + qk−2Sk−2, (q,p), ST p1 + · · · + (ST )k−2pk−2

)
.

Therefore, we get

Σ ∗θ̃ := Tr(pdq)+ Tr
[
(Jν(q,p))0 θ0

]
+ Tr

(
(Jν(q,p))k−1 θk−1

)
+ Tr

(
k−2∑
l=1

plθl

)

= Tr(pdq)+ Tr

(
k−2∑
l=1

pl

l−1∑
i=0

hi (q1, . . . ,qi )s
i (dql−i )

)

+ Tr

(
νesk−1(q)−q

k−2∑
i=1

hi (q1, . . . ,qi )s
i (dqk−1−i )

)
, (5.8)

since θ0 = 0, where hi (q1, . . . ,qi ) is given by (4.7) with g0 = (1, 1, . . .), g1 = q1, . . . , gk−2 = qk−2,
gk−1 = (0, 0, . . .). Since Tr δ = Tr s̃ j (δ) for any δ ∈ L1

0 and j ∈ N, the last summand in (5.8) becomes

k−2∑
i=1

Tr

[
s̃i
(
νesk−1(q)−qhi (q1, . . . ,qi )

)(
I −

i−1∑
r=0

pr

)
dqk−1−i

]

=

k−2∑
i=1

Tr
[
s̃i
(
νesk−1(q)−qhi (q1, . . . ,qi )

)
dqk−1−i

]
because

s̃ j (δ)

j−1∑
r=0

pr = 0 for all δ ∈ L1
0 and j ∈ N.

Similarly, the second summand in (5.8) equals

k−2∑
l=1

l−1∑
i=0

Tr
[
s̃i (plhi (q1, . . . ,qi )

)
dql−i

]
,

so that (5.8) becomes

Σ ∗θ̃ = Tr(pdq)+

k−2∑
l=1

Tr

(
l−1∑
i=0

s̃i (plhi (q1, . . . ,qi )
)

dql−i + s̃l
(
νesk−1(q)−qhl(q1, . . . ,ql)

)
dqk−1−l

)

= Tr(pdq)+

k−2∑
l=1

[
Tr

(
k−2−l∑

i=0

s̃i (plhi (q1, . . . ,qi )
)
+ s̃l

(
νesk−1(q)−qhl(q1, . . . ,ql)

))
dql

]
. (5.9)

Then the reduced symplectic form is

Ωk = −dΣ ∗θ̃ . (5.10)

Indeed, a straightforward verification shows that −dΣ ∗θ̃ satisfies the condition characterizing the reduced symplectic
form, so it must be equal to it. Note that the one-form Σ ∗θ̃ depends on the chosen section Σ , but that if Σ̃ is any other
global section, then dΣ ∗θ̃ = dΣ̃ ∗θ̃ = Ωk . In particular, the reduced symplectic form Ωk is in this case exact. Note
also that the symplectic form Ωk is canonical only if k = 2 and magnetic only if k = 3, a case that we shall analyze in
detail below. In general, if k > 3, the weak symplectic form Ωk is neither canonical nor magnetic due to the presence
of the p j -dependent coefficients of dql in the first sum of the second term.

Since Jk is a Poisson map and the functions I k
l are in involution on L1

k , it follows that I k
l ◦ Jk are also in

involution on the weak symplectic manifold
(
(`∞ × `1)× (`∞)k−2

×
(
`1
)k−2

,Ωk

)
provided that these functions

admit Hamiltonian vector fields.
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The case k = 2. Then we have B1
−,2 = L1

−,2 and G B∞

+,2 = GL∞

+,2. As we discussed earlier, the induction method

yields, for this situation the original weak symplectic manifold
(
`∞ × `1, ω

)
. This is the case of the standard semi-

infinite Toda lattice.
The case k = 3. This is the first situation that goes beyond the Toda lattice. The Banach Lie group G := (GL∞

+,3, ◦3)

consists of bounded operators having only three upper diagonals, while the operators in G B∞

+,3 have non-zero entries

only on the main and the second strictly upper diagonal. The induced space is now (`∞ × `1) × (`∞ × `1). The
GL∞

+,3-action on (`∞ × `1)×
(
`∞ × `1

)
is given, according to (5.1)–(5.4) by

q′
= q + log g0 (5.11)

p′
= p + g2g−1

0 νes2(q)−q
+ g1s(q1)g

−1
0 νes(q)−q

− s̃2
(

g2g−1
0 νes2(q)−q

+ g1s(q1)g
−1
0 νes(q)−q

)
(5.12)

q′

1 = s(g−1
0 )(g1 + g0q1) (5.13)

p′

1 = s(g0)g
−1
0 p1, l = 1, . . . , k − 2. (5.14)

The reduced symplectic form on (`∞ × `1)× (`∞ × `1) is, according to (4.7), (5.9) and (5.10), equal to

Ω3 = −d
[
Tr (pdq)+ Tr

(
p1dq1

)
− Tr

(
νes2(q)−qq1s(dq1)

)]
= −d

[
Tr (pdq)+ Tr

((
p1 − s̃

(
νes2(q)−qq1

))
dq1

)]
= −d

[
Tr (pdq)+ Tr(p̃1dq1)

]
, (5.15)

where

p̃1 := p1 − s̃
(
νes2(q)−qq1

)
. (5.16)

We see here exactly the same phenomenon as in classical electrodynamics, where a momentum shift by the magnetic
potential transforms the non-canonical magnetic symplectic form to the canonical one.

The equivariant momentum map (5.5) of this action is by (4.11) and (5.16) equal to

J3
(
q,p,q1,p1

)
=

(
Ad+,3

)∗

(I+q1 S)−1

(
p + ST p1 + (ST )2νes2(q)−q

)
= p + q1p1 − s̃

(
q1p1 + s(q1)νes2(q)−qq1

)
+ s̃2

(
νes2(q)−qq1s(q1)

)
+ ST

(
p1 + s(q1)νes2(q)−q

− s̃
(
νes2(q)−qq1

))
+

(
ST
)2
νes2(q)−q

= p + q1p1 − s̃
(
q1p1

)
− s̃

(
νes2(q)−qq1

)
q1 + s̃2

(
νes2(q)−qq1

)
s̃(q1)

+ ST
(

p1 + s(q1)νes2(q)−q
− s̃

(
νes2(q)−qq1

))
+

(
ST
)2
νes2(q)−q

= p + q1p̃1 − s̃
(
q1p̃1

)
+ ST

(
p̃1 + s(q1)νes2(q)−q

)
+

(
ST
)2
νes2(q)−q (5.17)

since the inverse of I+q1S in the Banach Lie group GL∞

+,3 is equal to (I+q1S)−1
= I−q1S +q1s(q1)S

2
∈ GL∞

+,3.

The Hamiltonians I 3
l are in involution on L1

3 and hence the functions I 3
l ◦ J3 are in involution on(

(`∞ × `1)×
(
`∞ × `1

)
,Ω3

)
, provided that they have Hamiltonian vector fields relative to the weak symplectic

form Ω3.
For l = 1, 2, the Hamiltonians H1 := I 3

1 ◦ J3 and H2 := I 3
2 ◦ J3 have the expressions

H1(q,p,q1,p1) = Tr(p) (5.18)

and

H2(q,p,q1,p1) =
1
2

Tr
[
p + q1p̃1 − s̃

(
q1p̃1

)]2
+ Tr

(
p̃1 + s(q1)νes2(q)−q

)2
+ Tr

(
νes2(q)−q

)2
. (5.19)
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The Hamiltonian system defined by H2 describes a semi-infinite family of particles in an external field (given by the
magnetic term of the symplectic form (5.15)) and where the interaction is between every second neighbor. In the case
of the Toda lattice (obtained for k = 2, as discussed above), there is no external field and the interaction is between
nearest neighbors. The semi-infinite Toda lattice is investigated in [8]. For arbitrary k there is an external field and the
interaction of particles is between every (k − 1)st neighbor.
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