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Abstract

The symplectic induction procedure is extended to the case of weak symplectic Banach manifolds. Using this procedure,
one constructs hierarchies of integrable Hamiltonian systems related to the Banach Lie—Poisson spaces of k-diagonal trace class
operators.
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1. Introduction

The theory of symplectic and Poisson Banach manifolds provides a solid mathematical foundation for the
investigation of infinite dimensional Hamiltonian systems that appear in various domains of mathematics and physics.
For finite dimensional Hamiltonian systems one uses mainly differential geometric methods. In order to study infinite
dimensional systems it is necessary to appeal to functional analytic methods, which renders their study more difficult.
For example, the theory of Banach Lie—Poisson spaces, which extends Hamiltonian mechanics on duals of Lie algebras
to the Banach space context, is intimately related to the theory of W*-algebras (see [7]).

On weak symplectic manifolds not all smooth functions admit a Hamiltonian vector field since the map from
the tangent space to the cotangent space of the manifold induced by the weak symplectic form is only injective.
We introduce in Section 2 the Poisson subalgebra of smooth functions that admit Hamiltonian vector fields and
use it to define momentum maps of Lie algebra actions on weak symplectic manifolds. It turns out that the crucial
finite dimensional property of equivariant momentum maps being Poisson holds here too when making the following
modifications: the space of functions on the weak symplectic manifold consists only of those that admit Hamiltonian
vector fields and the dual of the Lie algebra of symmetries is replaced by the Banach Lie—Poisson space given by the
predual of this Lie algebra.

The theory of symplectic induction on weak symplectic manifolds is presented in Section 3. Explicit formulas for
the induced weak symplectic form and the momentum map (in the sense described above) are given.
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The rest of the paper is devoted to the study of an example. In Section 4 several families of trace class operators on
a real separable Hilbert space are introduced. A prominent role is played by the k-diagonal trace class operators, the
corresponding Banach Lie algebra (obtained as the dual of this space), and the underlying Banach Lie groups. Many
explicit formulas are presented and several results from [8] needed for the next section are recalled here.

In Section 5 the symplectic induction procedure is applied to the concrete example of the weak symplectic manifold
(£ x ¢', ), the Banach Lie group of k-diagonal operators, and the Banach Lie subgroup of the k-bidiagonal
operators, both introduced and studied in detail in Section 4. The end result of the induction procedure is the weak
symplectic Banach manifold ((KO")"_l X (61)]‘_1, .Qk), where the weak symplectic form (% turns out not to be the
canonical one. The associated momentum map given by induction is also presented. It turns out that the momentum
map obtained by the induction method is a generalization of the classical Flaschka map appearing in the theory of the
Toda lattice (see [4]). Indeed, if k = 2 the symplectic induced space coincides with (£*° x £!, ) and the associated
momentum map is identical to the Flaschka map for the semi-infinite Toda lattice. However, the general case presented
here constructs other hierarchies of integrals in involution for other systems generalizing the Toda lattice. All formulas
are worked out in detail for the case k = 3.

Conventions. In this paper all Banach manifolds and Lie groups are real. The definition of the notion of a Banach Lie
subgroup follows Bourbaki [2], that is, a subgroup H of a Banach Lie group G is necessarily a submanifold (and not
just injectively immersed). In particular, Banach Lie subgroups are necessarily closed.

2. Momentum map on a weak symplectic manifold

The goal of this section is to present some notions which are indispensable for the procedure of symplectic
induction on weak symplectic manifolds. In the process we shall define the concepts of weak symplectic manifold,
the associated Poisson algebra, Banach Lie—Poisson space, and the momentum map. We shall also establish some of
their elementary properties and give examples relevant to the subsequent developments in this paper.

Weak symplectic manifolds. In infinite dimensions there are two possible generalizations of the notion of a symplectic
manifold.

Definition 2.1. Let P be a Banach manifold and w a two-form. Then w is said to be weakly nondegenerate if for every
p € Pthemapv, € T,P = w(p)(vp,-) € T;‘P is injective. If, in addition, this map is also surjective, then the form
w is called strongly nondegenerate. The form w is called a weak or strong symplectic form if, in addition, dw = 0,
where d denotes the exterior differential on forms. The pair (P, w) is called a weak or strong symplectic manifold,
respectively.

If P is finite dimensional this distinction does not occur since every linear injective map of a vector space into itself
is also surjective. The typical example of an infinite dimensional strongly symplectic Banach manifold is a complex
Hilbert space endowed with the symplectic form equal to the imaginary part of the Hermitian inner product. Any
strong symplectic form is locally constant, but weak symplectic forms are not in general (see e.g. Section 3.2 in [1]).
The usual Hamiltonian formalism extends from the finite dimensional setting to the strong symplectic case without
any difficulties.

The first problem that arises when working on a weak symplectic Banach manifold (P, ) is that one cannot define
the associated Poisson bracket {f, g}, for arbitrary f, g € C°(P). The reason is that the linear continuous map
ToP 3 vp = bp(vp) == w(p)(vp, ) € T;P is only injective. Then, in order to define the Hamiltonian vector field
X y by the usual formula

ix,0=df 2.1)

one needs the condition that d f (p) € b, (T, P) forall p € P. Letus denote by C.°(P) C C*(P) the vector space of
smooth functions which satisfy the above condition. If f, g € Co°(P), the Hamiltonian vector fields X 7 and X, exist
and one defines the Poisson bracket, as usual, by

{fi Mo =Xy, Xp) = (df, Xp) = £x, f. 2.2)

Since X = fX, + gX s whenever f, g € Co°(P) it follows that Co°(P) is an algebra relative to the pointwise
multiplication of functions and that the Leibniz identity holds.



A. Odzijewicz, T.S. Ratiu / Journal of Geometry and Physics 58 (2008) 701-719 703
Using the identities

i[xf,xg]a) = (fx_/ o ixg — ixg o£X/.) w
and £x 0 = dix, 0 = d’f =0forany f, g € CZ°(P), one obtains

ix; xg0 =dXr[g]l = do(Xg, Xy) (2.3)
which shows that CS°(P) is closed with respect to the Poisson bracket {, },,. In addition (2.2) and (2.3) show that

(X7, Xel =—X(1.0)0 2.4)
which is equivalent to the Jacobi identity in CS°(P). Summarizing, we have proved the following.

Proposition 2.2. The algebra C3°(P) is a Poisson algebra, that is, it is an algebra relative to multiplication of
functions, it is a Lie algebra relative to the Poisson bracket {, }., and the Leibniz identity holds.

So, as opposed to the strong symplectic case, the Poisson algebra C°(P) defined by the weak symplectic form w is
smaller than C*°(P). But C*°(P) is a CJ°(P)-module because any f € CS°(P) actson g € C*°(P) by g — X r[g].
In addition, the subalgebra C_°(P) is invariant with respect to this action.

Substituting X instead of X ; in (2.3), where X is a locally Hamiltonian vector field, that is, it satisfies £xw = 0,
we see that X[g] € Co°(P) (in fact, the Hamiltonian vector field of X[g]is [X, X,1). Thus, C3°(P) is invariant with
respect to the action of the Lie algebra of locally Hamiltonian vector fields.

Finally, note that the Poisson bracket { f, g}, (p) for f, g € CJ°(P) is completely determined by d f (p) and dg(p).

The weak symplectic manifold (£*° x £!, w). Now let us present as a canonical example the weak symplectic manifold
(£ x £', w). The space £>° x £! is the Banach space product of the Banach space £ of bounded real sequences and
the Banach space £! of absolutely convergent sequences, that is,

q:={qlpop € ¢ ifandonlyif ||qllec = sup |gk| <400
k=0,1,...

and
o
p = {piltoy € ¢! ifand only if |pll; == Z | pr| < 4o00.
k=0
The strongly nondegenerate duality pairing
o0
(@.p) =Y qpr. forqet® ped, 25)
k=0

establishes the Banach space isomorphism (£!1)* = £°°. The weak symplectic form w is the canonical one given by

w((q,p), (d,p)) = (q.p)) — (q,p), forq,q € (> p,p et (2.6)

for q, q' € £*° and p, p’ € £'. It is useful to express w, like in finite dimensions, as

o0
o= dg Adp 2.7)
k=0

relative to the coordinates gi, px. The expression (2.7) needs the following functional analytic interpretation. The
standard Schauder basis {|k)}72, of ¢! induces the basis {9/ 0Pk} on the tangent space Tpﬂl, which, of course,
coincides with £1. On £ the same basis is interpreted as follows. Any a := {ak}32, € £*° can be uniquely written as
a weakly convergent series a = Y .- ax|k) and hence for q € £ we define the sequence {3/ 0qk}ie of elements in
the tangent space T¢>° = £ to correspond to {|k)};2,.
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With this understanding of the basis {3/0qx, 3/0px}7, of T(q,p) (€™ x £y we can write any smooth vector field
X € (€™ x £1) as

o0

0 d
X@p) =) (A@ Py —+Bap -],
o K 9Pk
where {Ar(q, )}, € € and {Bi(q,p)}pe, € ¢'. Thus, if Y is another vector field whose coefficients are

{Cr(q, P} € £, {De(q, P}, € ¢!, applying formally the exterior differential calculus suggested by formula
(2.7) we get

(Z dgi A de) (X,Y)(q,p) = )_(A(q, P)Di(q, p) — Cx(q, P) B (g, p)

k=0 k=0

which coincides with (2.6). It is in this sense that formula (2.7) represents the weak symplectic form (2.6).

In this case we can determine explicitly the space Co°(£> x ¢"). To do this, we observe that for any 7 €
C (L™ x 21 its partial derivatives h/3q € (£°°)* and 9h/dp € (£')* = £, respectively. Since b(q,p) (£ X A=
2 x £ ¢ (£%°)* x (£1)* one concludes that the Hamiltonian vector field X, defined by the weak symplectic form
(2.7) and the function A exists if and only if dh/9q € ¢! C (£1)** = (£°°)*. Therefore,

CXWU™ x €Yy = {f € C®U™® x £ | (dh/dqi )2, € £'), (2.8)
and the Hamiltonian vector field defined by h € C°(£> x £') has the expression

oh 9d oh 0

Xn(@p) =T — 7 (2.9)
R PR PR PRETN
The canonical Poisson bracket of f, h € C*(£%° x £!) makes sense and is given by
{f. glo(@. P) i(af Js _ 08 af) (2.10)
) g ’ = ~ A N 4 . .
¢ dqk O 9qk Opk

k=0

Banach Lie—Poisson spaces. We recall from [7] the following facts. Consider a Banach Lie algebra (g, [, ]), thatis, g
is a Banach space and the Lie bracket operation [, ] : g X g — g is continuous in the norm topology. By definition, a
Banach Lie—Poisson space is a Banach space g, predual to g, that is, (g«)* = g, such that ad} g. C g« forallx € g.
Recall that ad} : g* — g* is the dual map to ad, := [x,-] : g — g and that g, is a Banach subspace of g*. Under
these assumptions one defines the Poisson bracket of f, h € C*°(g,) by

{f. h}(p) = ([Df (p), Dh(p)], p), (2.11)

where p € g, and Df (p) € g denotes the Fréchet derivative of f at the point p. The bracket equation (2.11) makes
C®°(g4) into a Poisson algebra admitting (g,)* = g C C*(g) as a subalgebra. Moreover, the Poisson bracket
equation (2.11) coincides with the original Lie bracket [, ] on g.

The crucial example of a Banach Lie—Poisson space is the Banach space L! of trace class operators on a real
or complex separable Hilbert space . It is well known that the Banach space (L')* dual to L' is canonically
isomorphic to the Banach Lie algebra (L°°, [, ]) of bounded linear operators with the commutator as the Lie bracket.
The isomorphism (L!)* = L is given by

(x, p) = Tr(px), (2.12)

where x € L® and p € L! (see, e.g. [9]).

Momentum maps on weak symplectic manifolds. The finite dimensional definition of the momentum map (see,
e.g., [1] or [6]) generalizes to weak symplectic Banach manifolds or Banach Poisson manifolds if one imposes certain
conditions specific to the infinite dimensional setting. We begin with a direct extension of the finite dimensional
setting.

Assume that g is a Lie algebra whose predual g, is a Banach Lie—Poisson space.
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Definition 2.3. Let (P, w) be a weak symplectic Banach manifold and assume that g acts smoothly on P on the left,
that is, there is a smooth map (x, p) € g x P +— xp(p) € T P such that [x, y]p = —[xp, yp] forany x, y € g, that is,
one has a Lie algebra anti-homomorphism of g into the Lie algebra X(P) of smooth vector fields on P. A momentum
map J : P — g, is defined by the conditions

(i) xoJ e CP(P)forallx € g, and

(ii) iy, = d(x o J), thatis, xp = X5, forall x € g.

If, in addition, T),J (xp(p)) = — ad} J(p) forany x € g, p € P, then the momentum map J is said to be infinitesimally
equivariant.

In the Banach Poisson manifold context, it is convenient to introduce momentum maps differently (see [7]).

Definition 2.4. A smooth map J : P — g, that satisfies

(i) xoJ e CF(P) forallx € g, and
() {xoJ,yolJlyw =[x,yloJforallx,yeg

is called a momentum map.

As we shall see below, this definition automatically implies infinitesimal equivariance relative to linear functions
on the predual g.. The relationship between these definitions is given by the following statement.

Proposition 2.5. An infinitesimally equivariant momentum map in the sense of Definition 2.3 is a momentum map in
the sense of Definition 2.4. Conversely, given a momentum map in the sense of Definition 2.4, there is a smooth Lie
algebra action that admits a momentum map in the sense of Definition 2.3 which is infinitesimally equivariant.

Proof. Assume thatJ : P — g, is an infinitesimally equivariant momentum map in the sense of Definition 2.3. Then
applying the infinitesimal equivariance condition to y € g and using the conditions (i) and (ii) in Definition 2.3, we
get
(Lx, ylo D) (p) = (ady y, J(p)) = (y, adf J(p)) = — (y, TpJ(xp(p))) = —d(y o D)(p)(xp(p))
= —d(y o N(P)(Xxo5(p)) ={x 0], y o Jlu(p)

by (2.2). Therefore, J is a momentum map in the sense of Definition 2.4.

Conversely, assume that J is an infinitesimally equivariant momentum map in the sense of Definition 2.4. The
smooth map (x,p) € g X P — Xxoj(p) € TP defines indeed a Lie algebra action of g on P by setting
xp(p) = Xyoj(p). Indeed, by (2.4) and (ii) in Definition 2.4 we get

[xp, yP]l = [XxoJ, Xyo)J] = —X(xo),yod}e = —X[x,yl0d = —[X, ¥]p

as required. Condition (ii) in Definition 2.3 is satisfied by the construction of the action and conditions (i) in both
definitions coincide. It remains to show that J so defined is indeed infinitesimally equivariant. Indeed, by (ii) of
Definition 2.4, for any x, y € g we have

(y. T,J(xp(p)) = d(y o D(P)(xp(p)) = d(y 0 N (P)(Xro5(p)) = —{x 0 J, y 0 J}u(p)
—([x, y]o ) (p) = — (ad, y, J(p)) = — (v, ad} J(p))

so that by the Hahn-Banach Theorem we conclude that 7,J(xp(p)) = —ad} J(p) foranyx € gandany p e P. W

Remarks A. Condition (ii) in Definition 2.4 can be interpreted as expressing the fact that J is a Poisson map relative
to continuous linear functions on g,, thought of as a Banach Lie—Poisson space. Therefore, using the Leibniz identity,
J is Poisson also relative to polynomial functions on g,.

B. Functions of the form ¢ o J € C*°(P), where ¢ € C*(g,), are called collective. Assuming that all collective
functions are in Co°(P), Definition 2.3 implies that the infinitesimally equivariant momentum map J : P — g, is
a Poisson map relative to the Banach Lie—Poisson structure on g,. This follows by simply recalling that the Poisson
bracket { f, g}, (p) depends only on d f(p) and dg(p). Therefore, if ¢, ¥ € C®(g,), letting x := dpJ(p)),y =
dy (J(p)) € g, we have

lpoJ. ¥ ollu(p) ={xolJ,yolJlu(p).
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On the other hand,

{e. ¥} o D(p) = ([deU(p)), dy T (p)]. J(p)) = (lx, y1. J(p)) = (v, ad} J(p))
= —(y, T,J(xp(p)) = —d(y o D (p)(xp(p)) = —d(y o N(P) (Xxo3(p))
={xolJ,yolJlu(p)

by (2.2), which shows that {¢ o J, ¥ o J},, = {¢, ¥} o J and hence J : P — g, is a Poisson map on elements in
CX(P).

C. Momentum maps often appear through Lie group actions. If & : G x P — P is a smooth symplectic action
of the Banach Lie group G on the weak symplectic Banach manifold (P, ), then the infinitesimal generators of the
action

xp(p) = 4 P(exp(rx), p), x€g
dr o
define a smooth Lie algebra action and one can then discuss the existence of the momentum map.

D. Note that CS°(P) is left invariant by the G-action. Indeed, the Hamiltonian vector field of the smooth function
fo @, for f e CJP(P) exists and equals @;X 7~ Similarly, for any z € g, the Hamiltonian vector field of d f(zp)
exists and equals [zp, X r].

E. Propositions 7.3 and 7.4 in [7] show that if the coadjoint isotropy subgroup of p € g, is a closed Lie subgroup
of G, the coadjoint orbit is a weak symplectic manifold and the inclusion is a momentum map in the sense of
Definition 2.4.

We shall study other momentum maps in subsequent sections.

3. Symplectic induction

The goal of this section is to present the theory of symplectic induction on weak symplectic Banach manifolds.
Symplectic induction is a technique that associates to a given Hamiltonian H-space a Hamiltonian G-space whenever
H is a Lie subgroup of the Lie group G; see [3,10,11] for various versions of this construction and several applications.
We shall formulate this method in the category of Banach manifolds and shall impose also certain splitting assumptions
that are satisfied in the examples studied later.

The symplectic induced space. Let G be a Banach Lie group with Banach Lie algebra g. Let H be a closed Banach
Lie subgroup of G with Banach Lie algebra fj. Assume that both g and h admit preduals g, and b, which are
invariant under the coadjoint actions of G and H, respectively (see [7] for various consequences of this assumption).
Throughout this section we shall make the following hypotheses:

o i C g,
e there is an Adj,-invariant splitting
g« = by ® by, (3.1)

where b;- is a Banach Ady,-invariant subspace of g, which means that Adj hi C bi for any h € H, where
Ad* : G — Aut(g,) is the G-coadjoint action,

e (b1)° = b, where (h1)° is the annihilator of b,

e the Banach Lie group H acts symplectically on the weak symplectic Banach manifold (P, w) and there is a H-
equivariant momentum map J g : P — b, in the sense of Definition 2.3.

Dualizing the splitting (3.1), we get an Ady-invariant splitting
g=hah, (3.2)

where b1 := (h,)° is the annihilator of the Banach Lie—Poisson space bs.
The induction method produces a Hamiltonian G-space by constructing a reduced manifold in the following way.
Form the product P x G x g, of weak symplectic manifolds, where G x g, has the weak symplectic form

wr(g, p) ((ug, 1), (g, D)) = (D, Ty Lg-11tg) = (fi, TgL g—1vg) + (p, [TgLy-tuug, Ty Lo-10g]), (3.3)
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forg € G,ug, vy € T,G, and p, ji, V € gy. This formula was introduced in [7] and it looks formally the same as the
left trivialized canonical symplectic form on the cotangent bundle of a finite dimensional Lie group (see [1], Section
4.4, Proposition 4.4.1). From (3.3) it follows that

Co, (G x gy) ={k € C(G x g4) | T'Lgd1k(g, p) € gs}

where d1k(g, p) € T;G and dyk(g, p) € (g+)* = g are the first and second partial derivatives of k. If k €
ng (G x g4), the Hamiltonian vector field X; € X (G x g.) has the expression

Xi(g, 5) = (TeLodok(g, 5). adlyq 5 6 = T Lodik(g. ) (3.4)

Therefore the canonical Poisson bracket of f, k € Cg; (G X gx) equals

{f. kY&, p) = (d1 (g, p), TeLgdak(g, p)) — (dik(g, p), TeLgda f (g, p)) — (p, [d2 f (g, ), dak(g, p)]) . (3.5)

The left G-action on G x g, given by g’ - (g, p) := (¢’g, p) induces the momentum map (g, p) — Ad;q © which is
G-equivariant.
The weak symplectic form w @ w;, € QZ(P X G X g4) is defined by

(@®wL)(p, & p) ((ap, TeLgX, V), (by, T.Lg¥, 1)) = w(p)(ap, bp) + (0, X) — (L, §) + (5, [%, 7]),  (3.6)
where pe P,ge€ G, p, 1,V € gy, X,y €g,anday, b, € T, P.
The Banach Lie group H actson P x G X gy by
h-(p,g p)=(h-p,gh™' Ad}_, p). 3.7)

The infinitesimal generator of this action defined by z € h equals

2PxGxa. (P, 8 ) = (2P (P). ~TeLyz, —ad? p)
which, by (3.4) and the assumption of the existence of a momentum map induced by the action of H on P, is a

Hamiltonian vector field relative to the function zo (J g (p)—1 ,5) , where II : g, — 0, is the projection defined by the

splitting g, = b @l‘]i‘. Therefore, the action (3.7) admits the equivariant momentum map J ,{,{X Gxg PxGxgye — by
given by

I g (P28 P =T (p) — ITp. (3.8)

The H-action on P x G X g, is free and proper because H is a closed Banach Lie subgroup of G. Therefore
its restriction to the closed invariant subset (J IIQI « Gxgk)_l(O) is also free and proper. Let us assume now that O is
a regular value and hence (J gx Gx E;k)_l(O) is a submanifold. In concrete applications, such as gravity or Yang-
Mills theory, the proof of the regularity of O is usually achieved by appealing to elliptic operator theory. With
the assumption that O is a regular value and that for each (p, g, p) € (ngGXg*)_l(O) the map h € H +—

h-(p,gp)=("h-p ght, Adz,l p) € (ngGxg*)_l(O) is an immersion, it follows that the quotient topological
space M := (J II;I <G x gk)’1 (0)/H carries a unique smooth manifold structure relative to which the quotient projection

is a submersion. This underlying manifold topology is that of the quotient topological space and it is Hausdorff
(see [2], Chapter III, Section 1, Proposition 10 for a proof of these statements). Once these topological conditions are
satisfied, a technical lemma (stating that the double symplectic orthogonal of a closed subspace in a weak symplectic
Banach space is equal to the original subspace) allows one to extend the original proof of the reduction theorem
in finite dimensions (see [5]) to the case of weak symplectic Banach manifolds. We shall not dwell here on these
technicalities because in the example of interest to us, treated later, the reduction process will be carried out by hand
without any appeal to general theorems. Summarizing, we can form the induced space (M, {2p;) which is a smooth
Hausdorff weak symplectic Banach manifold, where (2, is the reduced symplectic form on (J ;’ %G x gk)_l (0)/H.

Now note that if we denote p = p + p~ € hy ® bi we get

U xg) O = |(p8.7) € P x G x gy | JE(p) = 115
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=G x {(p.p) e Px b, |3 (p) = o x bt
= G x P x b,
where the H-equivariant diffeomorphism in the last line is given by
(p,p) € {(p,p) € P x b |J§(p)=p} — peP.

Therefore the weak symplectic Banach manifold M = (J g «Gx g*)_1 (0)/H is diffeomorphic to the fiber bundle
G x (P x hr) — G/H associated to G — G/H.

The weak symplectic form on the induced space. Denote by mp : G X P X hi‘ — G xg(P x hi‘) =: M the projection
onto the H-orbit space. The next statement gives the weak symplectic form on M.

Proposition 3.1. The total space of the associated fiber bundle G x (P x b-) — G/H has a weak symplectic form
{2 given by

Q2(mo(g. p. pT)) (T(g,,,,pL)no(TeLg(x +x).ap ). Ty p p1ym0(TeLg (v + y7). b, vL))
= 0(p)ap. bp) +(TpIE by x) + (vh 6} = (1,38 @p), v) = (it 57
(3 )+ (o o+ Ly )+ (T )+ ot et ), (39)

forg e G,pe P, pt o ut vt e hi‘, x,y € b, xt yt e bt and ap, b, € Ty P. Equivalently, using on the right
hand side only tangent vectors of the form

(ap = xp(p). ToLo@x +x*), u* +ad; )

which are transversal to the H-orbits in the zero level set of the momentum map and hence represent the tangent space

Tro(e.p.p1yM 1o the reduced manifold M, the expression of 0 is

260(8. P, 09 (Tig.ppyT0(TeLig(x X2, ap, 1), Ty iy To(TeLg (v + ¥4, by, v))
= 0(p)ap = xp(p). by = yp(p) + (T by = yp (P, 26) + (v +ad; p*, 1)
— (T @y = xp (), 25) (1 +ad; ot y4) + (3 ), 120, 231
(ot Lt 2yl 2y 1)+ (T ) 4+ 1t ). (3.10)
Proof. We begin with the proof (3.9). Letip : G x P x bi — P x G x g, be the inclusion iy(g, p, ,oL) =

(P, & Jp(p)+ph).Forpe P pt ut vt eby,g € G i =x+xt,j=y+y-egx,yehxtyteph,
and ap, b, € T, P, the reduction theorem and (3.6) give

2610(8. P, 00 (Tig.ppyT0(TeLig s aps 1), T 1y T0(TeLg 3, by v )
= if(®®wL)(p. g pT) ((ap, T, L%, ), (b, ToLy 5, vJ‘))
= @@ w)(p. . F () + o) (@p. TeL % Ty @p) + 1), (b, TeL 3, T (0y) + 1))
=w(p)(ap, bp) + <TpJg(bp) + vl, X+ xl> — <TpJ;’(ap) + ML, y+ yl>
+ <J5(p) +ph x+xty+ yL])-

Since [x +x+, y +y] =[x, yI+ [xH, yl+ [x, yH 14+ [xh, yH L [x, y] € b = (09)°, [x . y]+[x, y1] € bt = (h,)°
(because the splitting g = b @ b is Ad};-invariant), pte f)i‘, and J ;’ (p) € by, the last term becomes
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<J'3(p) +oh x+xty+ yL]} = <J’3(p), [x, y]> + (pL, [xT, y]+ [x, yL])
+ <J113(p) +pt [, yL]>.
Since T,J5 (b)) € b, v € bt x € h = (h1)°, and x € bt = (h,)°, the second term becomes
(10 )+ 0% x ) = (T ), ) + (H ).
Similarly, the third term is
<T,,J§(ap) +uty+ yL> = <TpJ£’(a,,), y> + (ul, yL).
Thus we get
208, P, 0 (Tig.ppyT0(TeLig (o + 52, ap, 15, Ty pyTo(TeLg (v + ), by, )
= 0(p)ap, by) + (1,35 ). x) + (vh, o) = (T @), v) =t v
+ (1), Le0) (05 et 1+ ey )+ (T () + ot e v)

which proves (3.9).

We want to simplify this expression by taking advantage of the H-action on the zero level set of the momentum
map. For x € ) we have by H-equivariance of J g and the Adj, -invariance of the splitting g, = b, @ b

d

Hh= =

dr
d

dr t=0
= (xp(p). ~TeLyx, TyI ep(p)) — adj p* ).

xpxGxg. (P 8- 5 (P) +p (exprx - p, g exp(=1x), Adbyy ) IH () + )

t=0

(exp tx - p, gexp(—tx), JH (exprx - p) + Ad:xp(—tx) IOL>

Now decompose
<a,,, T,Lg(x +xb), T,d8 (ay) + /ﬁ) - (xP(p), —T,Lex, T,J% (xp(p)) — ad* pJ‘>
+ (ap = ¥p(p), TeLg(@x +x5), T, 38 @y — xp(p)) + ut +adf p* ).

Since the form (2 does not depend on the first summand, this means that we can replace everywhere in (3.9) a p by
ap, — xp(p), x by 2x, and ut by ut + ad* p. Similarly, we can replace b, by b, — yp(p), y by 2y, and v— by
v+ ad;‘, pL. Thus (3.9) becomes

(P @y = xp(p), by — yr(p) + (T By — yp(p)), 20) + (v +ads p*, x4
— (T3 @y —xp (o)), 25) — (1 +ads ot v ) + (T ), 120, 290)
+<p{ [xt, 2y] + [2x, yJ‘]> + (J?(p) +pt, [xt, yJ‘]>
which proves (3.10). W

Remark. If H = G, then one can verify directly that the map ¥ : G x g (P x {0}) — P given by ¥ (wo(g, p,0)) :=
g- p is a diffeomorphism between the weak symplectic manifolds (G x g (P x {0}), £2) (the induced space) and (P, w)
(the original manifold).

The momentum map on the induced space. Now we shall construct a G-action on the induced space
(G xg(P x bi‘), Q) and a G-equivariant momentum map Jf,l :G xpg(P x hi‘) — Ok
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The Banach Lie group G acts on G x P X f)*L by g’ - (g, p. p1) = (¢'g, p, p1). This G-action commutes with
the H-action and so G acts on the induced space G x g (P X h*l) by ¢ - [g, p, p1 == [g'g, p. p~]. It is routine to
verify that this action preserves the weak symplectic form (2 and that the map

I g poo D = AdZ, (JE () + o) (3.11)

satisfies the conditions of Definition 2.3. We conclude hence the following result.

Proposition 3.2. The map Jﬁ;,l 1 G xy(P x f)j;) — g« given by (3.11) is a G-equivariant momentum map for the
G-weak symplectic manifold (G X g (P x bi‘), Q)

The goal of the induction construction has now been achieved: starting with the Hamiltonian H-space (P, w),

where H is a closed Lie subgroup of a Lie group G, a new Hamiltonian G-space has been constructed, namely
(G xu (P x bi), 2).

4. Banach Lie-Poisson spaces of k-diagonal trace class operators

In this section we introduce families of trace class operators that will be useful later on. For all the proofs of the
statements below we refer to [8].

Let us begin with some useful preliminary notation. By {|n)};2, we denote an orthonormal basis of the real
separable Hilbert space H. It induces the Schauder basis {|n) (m|}°° =0 of L. Thus, for p € L' one has the expression

o0
p="Y_ Pamln)(ml, (4.1)
n,m=0
where the series is convergent in the || - ||{-topology. Similarly, for x € L°°, one has
o0
Z xiell) (k (4.2)
1,k=0

where the series is convergent in the w*-topology. In particular, the shift operator § € L and its adjoint S” have the
expressions

o0 o0
S:=> In)(n+1| anditsadjoint S” := > " |n + 1)(nl. 4.3)
n=0 —

Let L3 = {300 xuln)(n] | {xa}32, € €} and L} = {30 puln)(n| | {pn}>°, € €'} denote the Banach
subspaces of diagonal bounded and trace class operators, respectively. In subsequent considerations we will be
interested in the following Banach subspaces:

o LY = {x =372 xuS" | xp € LY}
o LLi={p=2320(")"pu | pu € Ly}

o LTy = {x = Zﬁ;(l)xnsn | x, € Lgo},fork >2
o L= o= SIT66T o 1 on € LY} fork = 2

I-iok' {x =20 xaS" | xp € L3}, fork > 1

1L co={p =202 pu | pu € LY}, fork > 1

+,k = {x =x0+ 115" | x0, ;-1 € LGP}, fork > 2
Le=1p=rp0+ "D -1 po, pr-1 € Ly}, fork =2
(B k)L = {,0 =x1S+-- +xk725k -2 | x; € Lgo},fork >3

° (Bi )L = {p = ST,Ol +"'+(ST)k_2,0k72 | pi € L(l)},fork >3
o L = LXSk fork>0

o o o
SRS
. 8
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1. Tkl
o L, = (S")"Ly, fork > 0.

In this list the every space of trace class operators is predual to the space of bounded operators above it, the
isomorphism being given by the duality pairing (2.12). So, for example, the predual of Book is B! - Note that the
subalgebra BS° Gk of L Tk 1s formed by upper triangular bounded operators that have only two non-zero diagonals,

namely the main diagonal and the strictly upper k£ — 1 diagonal. A symmetric remark applies to B1
The space of upper triangular bounded operators LS° is a Banach Lie algebra whose underlying Banach Lie group
isGLY := GL*NLY, where GL™ is the Banach Lie group of invertible bounded operators. The Banach Lie group

GIZ = I+ 1) NGLY
= {I+¢|¢ el 1+g¢isinvertible in GLT} (4.4)

has I3 °° as its Banach Lie algebra. Since 1 . is an ideal in L (relative to both the associative and Lie structures),
GI ‘X’k 1s a closed normal Banach Lie subgroup in GLY and the factor group GLY’/GLT, is a Banach Lie group
isomorphic to the group

k—1

GLY, = {g = giS" | g € L§. Ig0l = &(g0)I for some £(go) > 0 (4.5)
i=0

whose multiplication is defined by
k=1 /1
gorh=Y_ (Z g,-s’an_i)) s, (4.6)
=0 \i=0

and the inverse g~ = gg '+ M S+ -+ 1 SK T of g =go+@1S+ -+ g8 € GLS, is given by

p—1
hp=—g;' [Z D=0 s (g gin) 5T (g giy) 8T (go‘lg,-,)} s (gy ), (4.7)

r=1
1 < p < k — 1, where the second sum is taken over all indices {i1, ..., ir, j1,..., jr-} suchthati; +--- 4+ = p
(equality between the i, is permitted), 0 < iy, ...,i, < p,1 <i1j=ji < o <--- < j-=p—i, < p— 1. Inthese

formulas s, § : L3® — L° (s, 5 : L} — L}) are given by

Sx =s(x)S or xST = STs(x)
T ~ T ~ 4.8)

S'x=s5(x)S" or x§=Ss5(x)
for x € L8° or x € L(l). Thus, s(xg, X1, X2 ..., Xp,...) = (X1,X2,...,Xn,...) and §(xo, X1, X2..., Xy, ...) =
(0, x0, X1, X2, . .., X, ...) for any (xg, x1, X2 ..., X5, ...) ELFX = LOo s and § are mutually adjoint operators

The Banach Lie algebra of GL® Tiis L g w1th the bracket deﬁned by
k=1 1 _ _
[x, Ik :=xopy —yorx =y (xiS’ i-i) = yis' (xl—i)) s! (4.9)

=0 i=0

Since (Lj’_o k) =L! «» the Lie—Poisson bracket on Lt « assumes the following form

{f. 8}k(p) = Tr (p [Df (p). Dg(p)1i)
k=1 1 ¢ e 0 a
= ;gﬁ |:,01 (5—m(0)s (8,01_,( )> i(ﬂ)s <5/Jl_z('0)>):| .10)

=

for f,g € C°°(Ll ©)» Where ‘Sf (,0) denotes the partial functional derivative of f relative to p; defined by
Df(p) = 8,00 (,0) + 8p1 (,o)S + - + 581 (0) Sk~ If k = 0o we get the Lie—Poisson bracket on L! .
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The coadjoint action (Ad**)" of GLS®, on L! | is given b
e coadjoint action ( 0 Tron L is given by

k—1
AT o= Y TG @), “-1D)
i,j.1=0, j>i+l
where p = po+ STp; +---+ (SDH 11 € Ll—,k’ g=g0+gS+ - +g_15 e GLT,, and the diagonal
operators h; are expressed in terms of the g; in (4.7).
Thus, the Hamiltonian equations defined by & € C °°(L17‘ ) are

d S [ Shy ,
apj=—Z<s J<p, )—pzs](8 )) for j=0,1,2,...,k—1. (4.12)

= 301 j 01—

The functions I} € C*(L! ;) defined by

1 i
k(p) = JTr (p +o7 — po) . forl €N, (4.13)

where p = Zﬁ;g)(ST)"pn € Ll_!k, are in involution with respect to the Poisson bracket (4.10), that is, {I,’f, I,];}k =0
for all n, m € N. For k = 2 they give the Toda hierarchy. So one can consider the Hamiltonian system described by
(4.12) and (4.13) as a k-diagonal version of the semi-infinite Toda lattice.

Now let us fix the Banach Lie subgroup GB{?, C GLT,; of bidiagonal elements g = go + gSk-1 e GLT,. The

group multiplication (4.6) takes on a simple form on G B{?;, namely,
g ok h = goho + (gohi—1+ gr-15""" (h)) S~ (4.14)
and the inverse of g in Gijk is given by
g =g — g ak-15t" (g HsH . (4.15)
The Lie bracket of x, y € Bj’:k has the expression
e, ¥l = (o1 651 00) = 30) = ycr 6 (o) — x0) ) S5 (4.16)
The group coadjoint action (Ad*’k)z,l : B]_’k — Bl_’k for g = go + gx_15K 1 € GB_":fk C GLfk and Lie

algebra coadjoint action (ad*’k); - B! P B! > Tor x == xqo + X158k 1 e Bj’:’k C Lfk are given by

* k=2
(Ad’L’k)gfl p=po+8 g1 —5"! (galgkflpkq) <H— ZP;‘)
=0

k—1
+(ST) S ey o @.17)

and
* k—1
(adJ“k))C p =5 or—1%k-1) — pr—1xk—1 + (ST> Pre—1(x0 — s (x0)) (4.18)

where p == po + (ST 1pp_y € Il,o,k—l'
The Lie algebra Bi‘?k of GBfk has B!  as predual. One has the Banach space splittings
L, = BT © (BY™ (4.19)
and

L, =Bl & By (4.20)
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We shall prove that the splittings (4.19) and (4.20) are Adg B, and Ady Bock-invariant, respectively.
, +,

Let us show that the splitting (4.19) is invariant relative to the restriction Adg B, of the adjoint action Ad*¥ of
the Banach Lie group GL° + x to the Lie subgroup GB%® 4 k- Clearly the summand B% Gk is preserved because it is the Lie
algebra of GBY° Sk To see that the second factor (Bff”k)L is also preserved, using (4. 15), it suffices to show that for any
h=ho+ he1 S e GBOOk and any xS + - -+ x;_2552 € (Bj’rok)J- we have

(AdT9) (1S + -+ x2S
= (h() + hk_lSk71> ok (x1S + -4 xk_zskfz) ok (hal — halhk_ls"(71 (hal)Skfl)
= hos(hy " )x1S + -+ hos* 2 (hy Hx_nS* 2 4.21)

which is a straightforward verification.
Next we show that the splitting (4.20) is invariant relative to the restriction Ady;p~ of the coadjoint action
+.k

(AdTK)* of GLT, to the Lie subgroup GBS, First, by (4.17) the GBY?; coadjoint action preserves the predual
Bl_’ &~ Second, to show that the second summand (Bl_ﬁ k)L is also preserved, one verifies directly, using (4.15), that for
any h = ho+hi18*"' € GBY and ST py + -+ 4+ (ST)* 2 o5 € (BL )+ we have

(Ad+’k)z,1 STp1+ -+ (STH2p5) = STs(ho)hal,Ol +- (ST)kfzskfz(h())halpk—I (4.22)

In order to satisfy all hypotheses necessary for the symplectic induction procedure (see Section 3) we define:

(i) the map J,, : (¢*° x ¢!, w) — (B4, by

Jo(q, p) =p+ (ST Tve' ' @-a, (4.23)
where the fixed element (ST)k_lv € L1 * satisfies v;; ZOforalli =0,1,2,...;

(ii) the v-dependent symplectic action of GBY?; on £ x 2! by

o,(q.p) = (q +10g g0, P+ 185 ' ve' @94 5k <gk_1 go—lveswfl)*fl)) , (4.24)
where g .= go + gr_15" ! € GBS and (q, p) € £ x 28

Here and in what follows the logarithm and the exponential of a sequence is the sequence whose elements are the
logarithms and the exponentials of every element in the sequence Denote by GLoo =1 the Banach Lie subgroup of
(k — 1)-periodic elements of GLZ°, that is, go € GL0 ~if and only if sk= 1(go) = go. Denote by L°° =1 the
Banach Lie algebra of GL(O)o k=1 1n [8] we proved the following.

Proposition 4.1. The smooth map 7, : £ x ¢! — Bl_, « &iven by (4.23) is constant on the o -orbits of the subgroup
GLgo’kfl. In addition:

(1) Jy is a momentum map. More precisely, {f o J,, 8 o Tv}o = {f, 8lok—1 0 T, forall f, g € C°°(Bl_’k), where
{-, -}o is the canonical Poisson bracket of the weak symplectic Banach space (Zoo x o1 w) given by (2.10) and
{, }o.xk—1 is the Lie—Poisson bracket on Bl’ i given by

_ of (4 <8h) 8h> ah <k1<8f> of ))}
L h} =T — — - —_— - = 4.25
U (o) =TT [pk : (3Pk—1 (s 9po dpo o1 \’ dpo dpo *22

(i) J, is GB"O (-equivariant, that is, J, o a (Ad ) _10Jy forany g € GBY,

Now we are ready to implement a symplectic induction procedure.
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5. The momentum map for ((€®)k=1 x (e1yk=1 )

In this section we construct a weak symplectic form (% on (Z"o)k—1 X (Zl)k_l (see (5.10)) which has a non-
canonical term responsible for the interaction of the Toda system with some kind of an external “field”. Then we
find a GLSS ¢-€quivariant momentum map Jy : (Z"o)k_1 X (El)k_l - L' & (see (5.5)) which can be interpreted as
a generalization of the momentum map (4.23) defined for the bidiagonal case. We shall illustrate the hierarchy of
dynamical systems obtained in this way by presenting the special case k = 3 in detail (see (5.19)). The simpler case
k = 2 does not add anything new since one recovers by the symplectic induction method the original semi-infinite
Toda system studied in [8].

We shall apply the induction method discussed in Section 3 to the weak symplectic manifold (P, w) = (£ x£!, w)
with @ given by (2.6), the Banach Lie group G := (GLZ,;, o) defined in (4.5), and the Banach Lie subgroup
H = GBf_f> . As will be seen, the abstract constructions presented in Section 3 become completely explicit in this
case.

We begin by listing the objects involved in this construction. The Banach Lie algebra is g := LT, the subalgebra
ish = B $k» and its closed split complement is bt = (Bfk)J-. At the level of the preduals we have g, = Ll_,k,
b« = B_ ;, and its closed split complement b = (Bl_’ k)l. We have hence the adjoint and coadjoint invariant Banach

space direct sums (4.19) and (4.20). Thus, every p € Ll_’k decomposes uniquely as p = y + y*, where y € Bl_’ k
and y* e (Bl’k)L.

We fix in all considerations below an element v € L1 According to the general theory we shall take the weak
symplectic manifolds GLY; x L' 4 and €% x ¢!, the canomcal actiona” : GBY x (£ x 21y — £%° x ¢! defined
in (4.24), and its equivariant momentum map 7, : £* x £ — Bi, given by (4.23) (see Proposition 4.1). By (3.7),
the Banach Lie group G BYY; acts on the product (£7° x el x GLY, x Ll’k by

he (@) g.p) = (0" @ ) gorh™ (AdT; ).

where h € GBf_Ok, g€ GLY,,(q,p) € €7 x ¢ andp e L - This action admits the equivariant momentum map
(3.8), which in this case becomes

(@D gy +r) € € x ) x GLT, x (B, @ (BL ")
— Ju(q.p) —y € BL,

The zero level set of this momentum map is a smooth manifold, GBS, -equivariantly diffeomorphic to GL?; x
(6° x £ x (Bl’k)l, the action on the target being

*
h- (g, q.p. J/l) = (g orh™' 0} (g, p), (Ad*k)lr1 )/L)-
The symplectically induced space is hence the fiber bundle
GLY: X6, <z°° x 0! x (Bi’k)l) — GLY,/GBY,

associated to the principal bundle GLY, — GLY, /GBS,
We begin by explicitly determining the base manifold of this bundle. If ¢ = go 4 -+ + gx—15*"! € GLY,; and

h=ho+hi1S" € GBY, then
gokh™ = (go+ -+ g1 oy — g the—ys* g H S
= gohy '+ g1s(hg S + -+ gras* 2 (hy 1) SK2
+ (o5 g — gohg s g ) s
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Therefore, the smooth map GLY;, — (£)k=2 given by

GLY 380+ +8-15" > (go+ -+ a-15or(gy" — g5 g15* " (hgHS*)
= T+ g1s(gy DS+ + geas"2(gg )" 2
_ _ _ k—2
= (g15Gg g2t (g5 ) € (%)

factors through the G B{?; -action thus inducing a smooth map GLY; /GBY; — (€%)k=2 Tts inverse is the smooth
map

k=2
A qn) € () T [I+q S+ +q_25 e GLY, /GBY,
which proves that GL® Tk GB?® x 1s diffeomorphic to (Zoo)k_z.

Next, we shall prove that the smooth map

k=2

o - (EOO X gl) X (eoo)k_z X (ﬂl) —> GLio’k XGBiO,k (EOO X gl X (Bl’k)l)

given by
P (@ P).qrs - Qs P12 Pr2)
= [(JI +q S+ q oS (@p). STp o+ (ST)"*zpkfz)]

is a diffeomorphism thereby trivializing the associated bundle, which is the reduced space. Indeed, this map has a
smooth inverse given by

! ([(go ++ 18 (g, p), VL)])
oy —1 k=2, —1 +.6\* i
- <ago+gk—15k1 (Q.P). 815(89 )----» 825" (g ) (Ad >(80+8k—15k_1)_1 v > ’

where, in the third component of the right hand side we have identified (Bl_ﬁk)L with (¢1)k—2 through the
isomorphisms L! = ¢!,

The GLT,; -action on the reduced manifold GL, XGB®, (EOO x 01 x (Bl’k)L) is given by

g 1g.(@. ).y 1=1[g ok g. (@.p). y"]
forany g', ¢ € GLY,, (q,p) € £ x ¢',and y* € (BL )+

induced GL ;-action on (£%° x ol x (£°)F% x (Zl)k_2 has the expression

. Via the globally trivializing diffeomorphism &, the

(go+ - +g1SFh ((@.P)- a1+ - Q2. P1- - -+ Pr—2)
((go+~-'+gk—15k_1) D ((q.P). 4, - Q2. P -'~’pk72))

2
o! ((go ot g ST (@S +o oS @) STp o+ (5T R )
2

[(oo 818D ok S - a2, @9, STpy + -+ (5T ) ])

k=2
¢! ([( g0+ Z ( gl_isl—"(q») s'+ (Z gk_l_is"—l—f(qi)> s (@),
=0

i=0
STpy+--+ (ST)k_ZPk—z):|>

1
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Y gk—1-isk717 (qp) i=0 i=0
i=0

1 k—2
=|e" @.p).s(g Y gi-is' (@) .. 508y ) DY gka-is ().
g0+< )S""l

(2008 s -+, 522008y ' |
where the equality in the last kK — 2 components follows from (4.22).
Let us summarize the considerations above. Using (4.24) and denoting
(@.P) e A Pl Pen) = (04 + &1 (@ P) - Qe P P2) s

we conclude that the G LT -action on the reduced manifold (£ x oY) x (1°)F=2 x (Zl)k_2 is given by

q = q+loggo G-D
k=2 ) 1 k=2 . k-1

p=p+ (Z gh_1_isk17 (‘li)> goflve‘v (@W-q _ k-1 ((Z ghg sk (‘li)) galves (q)—q) (5.2)
i=0 i=0

l .
q =50 eis () (5.3)
i=0
P, =s"(g0)gy Py I=1,....k—2. (5.4)

All geometric objects described above satisfy the assumptions of Propositions 3.1 and 3.2 and thus one has the weak
symplectic form (2 and the momentum map J; : (£*° x ey x (Z"o)k*2 X (Kl)k_2 - L'  given by (3.9) and (3.11),
respectively. By (4.11), J takes the form

Ji (@ P). 41 - - Q2. Py - - P—2)

*
- (Ad+yk>(ﬂ+q St o SF2)! (j”(q’ P+ STp] Tt (ST)kak*z)
1 T k-2

* _ _ k=1 (q)—
- (Ad+’k>(ﬂ+q Sty _p Sk=2) =1 (p + STpl Tt (ST)k 2pk_2 + (ST)k lves @ q) ’ (55
1 k—2

where the inverse (I + q; S + - - - 4+ q;_,S*72)~! is given by (4.7). We shall call J; the generalized Flaschka map.
In order to obtain the explicit expression of the weak symplectic form (2 (see (5.10)) on the induced symplectic

manifold (£%° x £1) x (KC’O)k_2 X (El)k_z, let us notice that the symplectic form w 4wz on (£ x £1) x GLS:k X Ll_’k
is given by
4w, =—d (Tr(pdq) +Tr(pg " o dg)) , (5.6)

1

where g7 o dg is the left Maurer-Cartan form on the Banach Lie group GLS: - One has the following decomposition

k—1
6 :=Tr(pg ' opdg) = Tr (Z p191) (5.7)
=0
forp=po+STp1 4+ (ST oy € LL | with

l
O => hi(g)s'(dg—), 1=01,....k—1
i=0

The diagonal operators /; are the components of g~! = hg+h{S+- - -+h;_1 S~ given by (4.7). Let § be the pull back
of 0 to the zero level set of the momentum map (3.8). Next, we pull back the form 6 to (6 x £y x (Eoo)k 2 x (El)k_z
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by the global section X : (6% x £') x (€72 x (€172  GLY, x (¢ x €') x (BL ;)" defined by
— k—2 T T~\k—2
2Q,P). 4, - - Ug—2 Prs - -5 Pr—2) = <H+q15, + Q2SN (Q,p), STp -+ (ST) pk—2> .

Therefore, we get

k—2
%0 = Tr(pdq) + Tr [(J,(q. P))o 60] + Tr ((Fo(q. P))g—1 6k—1) + Tr (Z P191)
=1

k—2 -1
= Tr(pdq) + Tr (Z p; Zh,-(ql, ce ql-)s’(dq,_l-)>
I=1  i=0
o k—2 )
+ Tr | ve’ (q>7qzhi((hv-~'9qi)sl(qu717i) ; (5.8)
since §p = 0, where h;(qq,...,q;) is given by (4.7) with go = (1,1,...), 81 = q1,.--, &2 = Qx_o>

gk—1=(0,0,...). Since Tr8 = Tr5/(8) for any 8 € L(l) and j € N, the last summand in (5.8) becomes

k—2 i—1
~ k=1 ay
> T [S’ (veA @=4p,(q,, ..., qi)) (11 — Zpr) qu—l—i:|
i=1 r=0
k=2

= ZTr [Ei (veskfl(q)_qhi(m, e (Ii)) ko—l—i]

=1

because
51(3)219, =0 forall§ e L)and j € N.
r=0
Similarly, the second summand in (5.8) equals

k=2 1-1

Y3 T [s (prhi(ay. .- .. a) dqz_,-] :

=1 i=0
so that (5.8) becomes

k—2

~ - o k—1 _

£*6 = Tr(pdq) + ) Tr (Zs' (Prhi@r, - ) da; +5 (ve' "V (q, ) qu_l_z)
=1 i =0

k=2 k—2—1
= Tr(pdq) + Z |:Tr ( Z (phi(ay, ... q)) + 5! (vesk_ @=-4p,(q,, ...,ql))) dql:| . (5.9

=1

Then the reduced symplectic form is
O = —d5*0. (5.10)

Indeed, a straightforward verification shows that —d X*@ satisfies the condition characterizing the reduced symplectic
form, so it must be equal to it. Note that the one-form £*6 depends on the chosen section X, but that if S is any other
global section, then dX*6 = d£*§ = (2. In particular, the reduced symplectic form 2 is in this case exact. Note
also that the symplectic form (2% is canonical only if X = 2 and magnetic only if kK = 3, a case that we shall analyze in
detail below. In general, if k > 3, the weak symplectic form (2 is neither canonical nor magnetic due to the presence
of the p ;-dependent coefficients of dq; in the first sum of the second term.

Since Ji is a Poisson map and the functions Ilk are in involution on L,](, it follows that Ilk o Jir are also in

involution on the weak symplectic manifold ((EOO x 1 x (E"O)k_2 X (Kl)k_z, .Qk) provided that these functions
admit Hamiltonian vector fields.
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The case k = 2. Then we have Blgz = Ll,z and GBJO:2 = GLS:Z. As we discussed earlier, the induction method
yields, for this situation the original weak symplectic manifold (ZOO x o1, a)) This is the case of the standard semi-
infinite Toda lattice.

The case k = 3. This is the first situation that goes beyond the Toda lattice. The Banach Lie group G := (GLT 3, 03)
consists of bounded operators having only three upper diagonals, while the operators in GBj_"’3 have non-zero entries
only on the main and the second strictly upper diagonal. The induced space is now (£%° x £') x (£*° x £'). The
GL‘:L%-action on (£ x ¢1) x (£°° X Zl) is given, according to (5.1)—(5.4) by

q =q+loggo (5.11)
p=p+ gzgo_lvexz(q)*q + gls(ql)go_lves(q)*q —§? (gzgo_lvesz(q)*q + gls(ql)go_lves(q)*q> (5.12)
q; = s(gy (g1 + goqy) (5.13)
P, =s(gy P, [=1,....k—2. (5.14)

The reduced symplectic form on (£%° x Y x (0% x ¢ is, according to (4.7), (5.9) and (5.10), equal to

2 = ~d|[Tr (pdq) + Tr (p,dq;) — Tr (v " 4q;5(dq))) |
=—d [Tr (pdq) + Tr ((m —5 (ve“z(‘”‘qq])) dql)]
= —d[Tr (pdq) + Tr(p,dq))] . (5.15)
where
By i=py — 5 (ve” @4, ). (5.16)

We see here exactly the same phenomenon as in classical electrodynamics, where a momentum shift by the magnetic
potential transforms the non-canonical magnetic symplectic form to the canonical one.
The equivariant momentum map (5.5) of this action is by (4.11) and (5.16) equal to

Ji(a,p.q1.p1) = (Ad+’3)
=p+ap; — 5 (P +s@)ve” V79, ) + 5 (ve” @ 4q;5(q)))
+s7 <p1 +s(qve” @93 (vesz(q)_qql» + (ST>2 vet” @4

=p+qp; —5(q;py) = (Vesz(q)fq(h) q; +5§° (Vexz(q)*q(h) 5(qp)

+57 (P] +s(qve” @9 3 (ve‘z(q)_qql)) + (ST)2 et @—a

) 2
T+q,9)! (P +8Tp, + (ST)2ve ((I)—q)
1

2
=p+aip — 5 (qp;) + 7 (f)l + s(ql)uefz(‘v—‘I) + (ST) et @-a (5.17)

since the inverse of [+ q; S in the Banach Lie group GL;'_’i3 isequalto (I+q;S)"' =1—q,S+q;s(q))S> € GLS’:T
The Hamiltonians 113 are in involution on L; and hence the functions I 13 o J3 are in involution on

((KOo x £ x (EOO X Kl) , (23), provided that they have Hamiltonian vector fields relative to the weak symplectic
form (2.
For ! = 1, 2, the Hamiltonians H; := 113 oJsand H, = 123 o J3 have the expressions

Hi(q, p, qlvpl) = Tr(p) (5.18)

and

1 B 5 B B . 2 B 2
H(q, p, ql,p1)=5Tr[p+q1p1 — 5 (qpy)] +Tr (p1 + s(qp)ve” @ “) +Tr(ve‘2(‘1> “) . (5.19)
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The Hamiltonian system defined by Hj describes a semi-infinite family of particles in an external field (given by the
magnetic term of the symplectic form (5.15)) and where the interaction is between every second neighbor. In the case
of the Toda lattice (obtained for k = 2, as discussed above), there is no external field and the interaction is between
nearest neighbors. The semi-infinite Toda lattice is investigated in [8]. For arbitrary k there is an external field and the
interaction of particles is between every (k — 1)st neighbor.
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